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Abstract
Phased array ultrasound transducers could o↵er significant benefits over sin-
gle element transducers in flow metering technology. By steering the ultrasonic
beam transmitted through the flow, a single pair of phased array transducers have
the potential to replace several pairs of traditional single element transducers. A
first step in researching the potential for phased array transducers in flow meters is
to investigate a suitable array element.
Flexural ultrasound transducers use the bending modes in a thin plate to
generate ultrasound waves in low impedance media, such as liquids and gases. The
behaviour of piezoelectric flexural transducers was studied using theoretical mod-
elling, finite element (FE) modelling and experimental techniques. Some focus was
put on characterising the passive layer of the transducer, which was shown to be
largely responsible for the flexural behaviour. That is, the dimensions of the passive
layer largely determined the resonance frequencies of the flexural vibration modes
of the transducer. Also, the viability of flexural transducers for flow applications
was assessed.
A new method of constructing air-coupled ultrasound phased array trans-
ducers was suggested. A 3 ⇥ 3 array was constructed and tested. The individual
elements of the array behaved as single element flexural transducers, but the system
as a whole could be improved to allow for better beam shaping.
A novel electrodynamic flexural transducer (EDFT) for air-coupled ultra-
sonic transduction without use of piezoelectric materials was proposed, developed
and experimentally tested. The transducer combines the contactless coupling method
xvi
used by electromagnetic acoustic transducers (EMATs) with the flexural vibration
modes of a thin plate to transmit and receive ultrasound waves in air. The output
pressure of the transducers was high, with SPLs over 100 dB, but the sensitivity
was low compared to piezoelectric transducers.
xvii
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Chapter 1
Introduction
Flow measurements are important in di↵erent industries, for example in the oil and
gas industry for measuring production volume. Ultrasonic flow meters can be used
to measure volumetric flow rate by measuring the time of flight of waves traveling at
an angle to the flow upstream and downstream between pairs of transducers. To get
an accurate value of flow rate many pairs of transducers with di↵erent paths through
the flow are used. It could be advantageous to replace these multiple pairs with a
single pair of phased array transducers. The phased array transducers have many
individual elements of ultrasound transceivers and would be able to steer the ultra-
sonic waves, which enables them to perform the tasks of multiple normal ultrasound
transducers. Hence a single pair of phased array transducers could sample the flow
along many di↵erent paths. Fig. 1.1 shows a simplified ultrasonic flow measurement
setup, with two phased array transducers used to transmit and receive waves along
two di↵erent paths through the flow.
Pipe wall
Phased 
array 
transducer
Figure 1.1: Schematic diagram of a flow measurement setup using two phased
array transducers.
A first step in researching the possibility of phased array technology for flow
measurements is to investigate the individual element that makes up the array.
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There are many requirements on the transducer as a whole that have to be met,
but many of them can be translated to requirements on the individual element that
make up the array.
Ultrasound is defined as acoustic waves with a frequency above the range of
human hearing (f > 20 kHz). It is an incredibly versatile tool that finds applica-
tions in many di↵erent areas, ranging from neonatal scans to car parking sensors.
Air-coupled ultrasonics (ACU) is the field of ultrasound that concentrates on the
generation and detection of ultrasound waves in air or gases in general. A gas has
a low acoustic impedance compared to piezoelectric ceramics (typically by a factor
of between 70,000 and 80,000), which are traditionally used as the active element in
ultrasonic transducers.
A piezoelectric element converts electrical impulses into mechanical vibra-
tions via the piezoelectric e↵ect, which can be used to produce ultrasound in a
medium in contact with the piezoelectric element. Inversely, an incident ultrasonic
wave can deform the piezoelectric element, inducing an electric field and hence an
electrical signal.
The acoustic impedance of a medium relates a force pushing the medium to
the resulting velocity of the medium. It is analogous to electrical impedance, where
the force and velocity are replaced by voltage and current respectively. It is an
important variable in ultrasonics, as it determines the wave transfer and reflection
at a boundary between two di↵erent materials. As will be seen in the next section,
the greater the di↵erence in impedance between two materials the greater the part
of the wave that is reflected at the boundary between them. The ratio between the
acoustic impedances of air and a piezoelectric ceramic is on the order of 1:105, which
can be intuitively understood by the large di↵erence in density and sound speed
between a gas and a solid. Even though much of the discussion in this Thesis uses
air as an example the technology translates to other gases, and to some extent also to
liquids, which also have a much lower acoustic impedance than piezoceramics (1:20),
even though significantly higher than gases. This large impedance mismatch means
that air-coupled piezoceramic transducers are inherently ine cient, and much of the
development of ACU is concerned with increasing the coupling e ciency between
the transducer and the load medium.
The motivation behind this research is the increased understanding and fur-
ther development of flexural transducer for ACU applications, specifically looking
at the use of flexural transducers for flow metering applications, which is an area
that has not been explored before. Traditionally flexural transducers have been
constrained to low frequency (< 70 kHz) proximity sensing applications. However,
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they could be designed to operate at higher frequencies, with the potential of being
suitable for a range of other applications.
1.1 Ultrasound in Fluids
To gain a proper understanding of the challenges and goals of air-coupled ultrasonics
(ACU), an introduction to waves in fluids is necessary. In this section homogenous,
isotropic and compressible fluids are considered. In these media only longitudinal
waves can propagate, which makes the analysis easier compared to the case of waves
in solids. For a more thorough discussion on the topic see [1, 2].
1.1.1 One-Dimensional Analysis of Waves in Fluids
x x+dx
p(x+dx)dFx p(x)
A
Figure 1.2: Fluid volume element experiencing the force dFx producing the
pressure p.
Consider a fluid element between x and x + dx, as illustrated in Fig. 1.2.
A transducer displacing the fluid along x increases the pressure of the fluid layer
relative to the layer to its right. This causes the fluid particles to move along x
increasing the pressure in that region, and subsequently the pressure disturbance
will propagate in a series of alternative compressions and rarefactions. The force
experienced by the fluid element is
dFx =

p(x) 
✓
p(x) +
@p
@x
dx
◆ 
A =  @p
@x
dxA, (1.1)
where p(x) is the acoustic pressure, defined as the di↵erence between the absolute
pressure and the equilibrium pressure. The mass of the fluid element is ⇢0dxA.
Using Newton’s 2nd law gives the equation of motion
@p
@x
=  ⇢0@
2u
@t2
, (1.2)
where u is the displacement of the fluid particles. The acoustic pressure p can be
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expressed in terms of the displacement u and the compressibility  
p =   1
 
@u
@x
. (1.3)
The compressibility is defined as
  =
1
V
✓
@V
@p
◆
, (1.4)
where V is the volume of the uncompressed fluid element. Using equation (1.3) to
rewrite the equation of motion (1.2) gives
@2p
@t2
=
1
⇢0 
@2p
@x2
@2u
@t2
=
1
⇢0 
@2u
@x2
(1.5)
which can be identified as one dimensional wave equations, with wave velocity
c =
r
1
⇢0 
. (1.6)
Both forms of the wave equation are equivalent assuming c = constant, i.e. in the
linear regime of the compressibility. Solutions to the wave equation take the form
u = Ae j(!t kx) +Be j(!t+kx), (1.7)
where ! is the angular frequency of the wave, A is the displacement amplitude of the
wave in the forward travelling (+x) direction and B is the displacement amplitude
of the wave travelling backwards ( x). Substituting u from equation (1.7) into
equation (1.3) gives a useful expression for p
p =  ⇢0c2@u
@x
= j⇢0!c(u+ + u ) (1.8)
where u+ and u  are the terms from equation (1.7) for the forwards and backwards
travelling waves respectively. Because of the factor j, the pressure p leads the
displacement u by ⇡/2.
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1.1.2 Three-Dimensional Analysis of Waves in Fluids
The extension to three dimensions is straightforward. The displacement u in the one
dimensional mode becomes a displacement vector u in three dimensions. The anal-
ysis becomes easier by considering the pressure, since it remains a scalar quantity.
Also, experimentally, the acoustic pressure is easier to measure than the displace-
ment of a liquid or a gas. For a continuous surface S, the sum of the displacement
and area product must equal the change in volume, in accordance with Gauss’
theorem[3], so that
 V =
I
S
u · dS =
Z
V
(r · u)dV, (1.9)
where the divergence of the displacement (r · u) is known as the dilation.
Newton’s 2nd law in three dimensions is
rp =  ⇢0@
2u
@t2
. (1.10)
To express the equation in terms of pressure, u can be eliminated by using equation
(1.3). By doing this the three-dimensional wave equation for p is obtained:
r2p = 1
c2
@2p
@t2
, (1.11)
where r2 =r ·r is the Laplacian operator
r2 = @
2
@x2
+
@2
@y2
+
@2
@z2
. (1.12)
By analogy with the one-dimensional case the wave equation for u is
r2u = 1
c2
@2u
@t2
, (1.13)
with solutions of the form
u = u0e
j(!t k·r), (1.14)
where r = (xˆı + y⌘ˆ + zkˆ) is the position vector and k is the wave number, which
gives the direction of propagation. The magnitude of the wave number is related to
the wavelength   by
|k| = 2⇡
 
. (1.15)
So far the solutions to the wave equation (1.14) have a constant amplitude u0
in both time t and space r. In reality we know that the acoustic pressure decreases
with distance from the source, a phenomenon which is known as attenuation. Atten-
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uation occurs as the propagation medium absorbs part of the acoustic energy from
the wave. The absorption is caused by di↵erent physical phenomena, such as fluid
viscosity, thermal conductivity and molecular relaxation[4]. The attenuation can be
incorporated into the solution by making the wave number complex k = k0  j↵, so
that the wave amplitude decreases exponentially
u = u0e
j(!t k0·r)e ↵|r|. (1.16)
Because the fluids considered are assumed to be both homogenous and isotropic the
attenuation factor ↵ is a scalar, and the attenuation is a function of the absolute
distance |r|. Equation (1.16) is still only strictly valid for plane waves. For most
real systems the wave source (e.g. the transducer aperture) is finite, which causes
additional loss of amplitude over distance due to the geometric spread.
1.1.3 Acoustic Radiation and Beam Directivity
In the analysis in the previous two sections plane wave solutions were considered.
Real transducers, due to their finite size, have a finite beam width. The angular
distribution of pressure from the aperture of a transducer is known as the beam pro-
file or directivity of the transducer and is important for many applications. There
is however no optimal beam profile, as di↵erent applications have di↵erent require-
ments in terms of directivity.
Acoustic Radiation from a Point Source
To predict the directivity from a transducer first consider the acoustic pressure from
a point source. Since spherical waves radiate from a point source it is convenient to
use spherical coordinates. The transformation from cartesian coordinates takes the
form
x = r sin(✓)cos( ),
y = r sin(✓)sin( ),
z = r cos(✓),
(1.17)
and the Laplacian operator becomes
r2 = @
2
@r2
+
2
r
@
@r
+
1
r2 sin(✓)
@
@✓
✓
sin(✓)
@
@✓
◆
+
1
r2 sin2(✓)
@2
@ 2
, (1.18)
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where ✓ is the polar angle and  the azimuthal angle. The wave equation is then
given by
@2p
@t2
= c2
✓
@2p
@r2
+
2
r
@p
@r
◆
, (1.19)
noting that the acoustic pressure is uniform in all directions and hence does not
depend on ✓ and  . Solutions take the form
p =
fd(ct  r)
r
+
fc(ct  r)
r
, (1.20)
where fd describes diverging waves and fc converging waves. For radiation problems
the diverging solution is mainly useful.
To get a relation between pressure and displacement we use Newton’s 2nd
law
@p
@r
=  ⇢0@
2ur
@t2
, (1.21)
where ur is the particle displacement in the radial direction. Integrating twice with
respect to time gives the displacement
ur =
1
⇢0!2
@p
@r
. (1.22)
For harmonic solutions the pressure and displacement are
p =
A
r
e j(!t kr), (1.23)
ur =  
✓
1
r
+ jk
◆
p
⇢0!2
. (1.24)
It is seen that the expression for the pressure wave now has a factor 1r , which reduces
the amplitude of the wave as it spreads out from the point source. It can be shown
that the pressure amplitude A for a small spherical (point) source with radius a is
given by [5]
A = j⇢0cka
2v0, (1.25)
where v0 is the velocity amplitude of the surface of the spherical source in the radial
direction.
Acoustic Radiation from a Piston
To calculate the pressure field from a circular piston each point on the radiating
surface is assumed to be a point-like source, emitting spherical waves in accordance
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with equation (1.23). The contribution from each point can then be summed using
Huygen’s principle[6]. Each infinitesimal area element produces a pressure dp at a
point a distance r away from the source
dp =
j⇢0ck
2⇡r
(v · dS)e j(!t kr). (1.26)
For a piston, with the entire radiating surface moving in phase and with the same
amplitude, the velocity v is parallel to the area element vector dS at all points, which
simplifies the expression. The total acoustic pressure p is the integral of equation
(1.26). The integral is not analytically solvable without some approximations. In
the far-field (Fraunhofer) region r >> a and the distance to the observation point
from the transducer surface can be taken as constant across the whole surface. This
gives an expression for the pressure
p =
j⇢0cka2v0
2r
e j(!t kr)

2J1(ka sin(✓))
ka sin(✓)
 
, (1.27)
where J1 is the Bessel function of the first order. The factor in square brackets gives
the directivity of the piston, as it determines the angular variation of the pressure.
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Figure 1.3: Directivity function from equation (1.27) for (a) ka = 3⇡ and (b)
ka = ⇡/3.
Fig. 1.3 shows the directivity plots of a circular piston for ka = 3⇡ and
ka = ⇡/3. The beam profile in Fig. 1.3a, associated with the higher value of ka, has
two sidelobes, whereas the beam profile in Fig. 1.3b has no sidelobes. In general, for
ka >> 1 there are multiple sidelobes and for ka << 1 the directivity tends towards
1, i.e. if the wavelength is much greater than the radius of the piston it will look
similar to a point source in the far-field region. Even though these results were
derived from a circular piston, in general the larger the transducer aperture relative
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to the ultrasound wavelength, the narrower the main beam.
Acoustic Radiation from an Arbitrary Transducer Displacement Profile
For a circular transducer with arbitrary displacement and velocity across the sur-
face, the expression for pressure cannot be simplified as in previous sections. For
continuous wave excitation Harmonic solutions of the wave equation could still be
used, but for the general case of pulsed transducers the full time dependent sur-
face velocity v(x0, y0, t) is required. The resulting integral is known as the Rayleigh
integral[7]
p =
⇢0
2⇡
@
@t
Z
S
v(x0, y0, t  r/c)
r
dS, (1.28)
where x0, y0 are the coordinates of the area element dS on the transducer surface, r
is the distance between the area element with coordinates (x0, y0) and the point of
observation at (x, y, z), i.e.
r =
p
(x  x0)2 + (y   y0)2 + z2, (1.29)
and r/c is the time it takes the ultrasonic wave to travel between the two points.
Fig. 1.4 illustrates the transducer surface with denoted coordinates.
(x,y,z)
(x',y')
r
dS
v(x',y',t)
Figure 1.4: Schematic diagram of the geometry, with denoted coordinates, for
performing the Rayleigh integral over a surface with an arbitrary velocity profile.
To implement the Rayleigh integral using experimental data for v(x0, y0, t)
equation (1.28) must be discretised. It is common practice when dealing with circu-
lar surfaces to use the area element  S = r0dr0d✓, where r0 is the radial vector on
the surface with length
p
x02 + y02. However, the laser scan system used to obtain
the experimental surface displacement takes measurements on a square grid. This
makes the area element  S =  x y more appropriate for integration. The velocity
v associated with each area element is given by the discrete di↵erentiation of the
displacement. In general then the pressure from discrete displacement data is given
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by
p =
⇢0
2⇡
X
i
X
j
 vij(t+ t0   rij/c)
 t rij
 S, (1.30)
where
vij =
 uij
 t
, (1.31)
and t0 is an integer number of time steps added to avoid negative index numbers.
Equation (1.30) allows the pressure to be projected to any arbitrary point
or set of points in space. Usually though it is only necessary to find the pressure
along an 180  arc, as presented for the piston in Figs. 1.3a and 1.3b, to su ciently
characterise the transducer directivity. To accurately predict the absolute level of
the acoustic pressure damping has to be included, as in equation (1.16). Determining
the correct damping factor ↵ is treated in [8].
To confirm that p from the numerical Rayleigh method, expressed by equa-
tion (1.30), converges with the analytical solution in the far field, the velocity profile
of a plane piston undergoing undamped harmonic motion with ka = 4⇡ was sub-
stituted for vij , with i, j = 1, 2, 3, ... , 44. The pressure was projected along an arc
of constant radius in the Fraunhofer region. Fig. 1.5 shows the resulting amplitude
directivity function as well as the analytical solution from equation (1.27). The
figure is plotted in cartesian coordinates in order to better compare the sidelobes.
The results are in very good agreement. There is some divergence as the angle ap-
proaches ±90 , which is due to the rather coarse discretisation of the piston surface,
 x =  y = a/15. The value for  x and  y was chosen to roughly correspond to
the step size used in later sections for experimental data.
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Figure 1.5: Directivity function of a piston with ka = 4⇡ from the discrete
integral in equation (1.30) (⇤) and from the analytical expression in equation
(1.27) (–).
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1.1.4 Waves at Interfaces
When an ultrasonic wave meets a boundary, like the interface between two di↵erent
media, part of the wave will be transmitted through the boundary and part reflected
back. An understanding of the principles of transmission and reflection are essential
in any application of ultrasonic waves.
The specific acoustic impedance of a material is[9]
Z =
p
v
, (1.32)
where p is the instantaneous acoustic pressure and v is the instantaneous velocity
associated with that pressure. The specific acoustic impedance can be positive or
negative depending on the direction of the velocity v. Taking the absolute of the
specific impedance gives the characteristic impedance, which can also be defined as
Zc = ⇢c, (1.33)
where ⇢ is the volume density, and c the sound velocity of the material.
x0
pi
pr
pt
Z1 Z2
Figure 1.6: Reflection and transmission of an incoming wave from the left at a
planar interface at x = 0 between two bulk media with acoustic impedances Z1
and Z2.
Consider a harmonic wave at normal incidence to the boundary between two
media with characteristic acoustic impedances Z1 and Z2 respectively, as illustrated
in Fig. 1.6. The incident pressure wave is partially transmitted and reflected at the
interface, which gives the three waves
pi = A e
j(!t k1x),
pr = AR e
j(!t+k1x),
pt = AT e
j(!t k2x),
(1.34)
where T and R are the pressure transmission and reflection coe cients respectively.
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They are the fractions of the incident wave amplitude that is transmitted and re-
flected. The frequency of the wave is the same in both media, but the change in
impedance implies a change in velocity, which then changes the wave number k of
the wave. At the interface, assuming it is well defined, continuity of pressure and
velocity can be assumed, i.e. for x = 0
pi + pr = pt,
pi
Z1
  pr
Z1
=
pt
Z2
.
(1.35)
Using the expressions for the waves in equation (1.34) with the continuity boundary
conditions in equation (1.35) gives
1 +R = T,
1
Z1
(1 R) = T
Z2
.
(1.36)
The equations can be rewritten to give the transmission and reflection coe cients
in terms of the impedances only
T =
2Z2
Z1 + Z2
, (1.37)
R =
Z2   Z1
Z1 + Z2
. (1.38)
In one extreme, where the impedances of the two materials are the same,
the transmission coe cient becomes 1, meaning that there is no reflected energy.
Hence, the maximum ultrasound power transmission from one medium to the next
occurs when their impedances are equal. It is equivalent to having no boundary
between the two regions.
A relevant example to consider is that of ultrasound waves going from a
piezoceramic material into air. In this example Z1 = ZPZT ' 30 MRayl, and
Z2 = Zair ' 430 Rayl. There is a large di↵erence between the impedances of the
two media, which leads to a transmission coe cient T = 2.9 ⇥ 10 6, or equiva-
lently a reflection coe cient R =  0.999997. To estimate the energy transmitted
and reflected these numbers would be squared. In essence, very little energy is
transmitted.
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1.2 Air-Coupled Transducer Technology
1.2.1 Impedance Matching Layer
The coupling to air and the transduction e ciency can be improved by gradually
reducing the acoustic impedance along the path of wave propagation between the
piezoceramic and air with a matching layer[10]. The matching layer goes between
the piezoelectric element and the air. To optimise energy transmission the matching
layer requires an intermediate impedance ZML. To find the input impedance of
the matching layer consider a layer with thickness h between two bulk media, as
illustrated in Fig. 1.7.
x0 h
Z1 ZML Z2
Zin
Figure 1.7: Transmission and reflection from a matching layer with thickness h
sandwiched between two di↵erent bulk media.
The pressure in the matching layer can be written as
pML = A e
jkMLx +B e jkMLx, (1.39)
where the time factor exp(j!t) has been neglected as it is common to all terms.
Multiple reflections in the matching layer set up forward and backward travelling
waves, giving rise to the two terms in equation (1.39). The amplitude coe cients
A and B can be found by applying the boundary conditions of continuity of p and
v across both interfaces. This gives an expression for the input impedance in terms
of ZML, Z2 and h:
Zin = ZML
✓
Z2   jZML tan( )
ZML   jZ2 tan( )
◆
, (1.40)
where   = kMLh is the phase change due to the layer thickness.
For maximum output the matching layer should have a thickness h =  4 [10],
as shown in Fig. 1.8. This ensures that the wave is always in phase in the match-
ing layer, causing constructive interference of reflected waves with wavelength  .
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Substituting this value for h into equation (1.40) gives
Zin =
Z2ML
Z2
. (1.41)
By using equation (1.38) the reflection coe cient is given by
R =
Zin   Z1
Z1 + Zin
=
Z2ML   Z1Z2
Z2ML + Z1Z2
. (1.42)
Maximum transmission occurs for ZML =
p
Z1Z2, i.e. when the intermediate layer
has an impedance equal to the geometrical mean of the other two media, for which
R = 0. Theoretically then, a  4 matching layer could produce perfect transmission.
However, this is only strictly true for vibrations with a frequency corresponding
to  , which will consequently narrow the transducer bandwidth, as waves with
this frequency are preferentially transmitted. The overall transmission is therefore
reduced from 100% for all real waves which have a non-zero bandwidth.
Using a piezoceramic and air interface as an example, see Fig. 1.8a, an ap-
propriate matching layer would have ZML = 0.11 MRayl. This is a low value, which
can only in general be found in very light and airy materials. Wood cork is a good
example, and has an acoustic impedance of 0.12 MRayl. Often materials with a
su ciently low impedance will have other unwanted properties such as high atten-
uation, environmental instability and di cult machining[11]. For comparison water
has an impedance Zw = 1.5 MRayl, which is still significantly lower than that of a
piezoceramic.
λ/2 λ/4
(a)
ZML,1 ZML,N...
...
λ/4
(b)
Figure 1.8: Schematic diagrams illustrating the use of acoustic impedance
matching, with (a) single  /4 matching layer, and (b) multiple matching layers.
It is also possible to use multiple matching layers with a combined thickness
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of a quarter wavelength[12], as shown in Fig. 1.8b. The correct impedance ZML,n
for the nth layer of N matching layers is given by[10]
ZML,n =
n+1
q
ZN n+11 Zn2 . (1.43)
Ideally, a single matching layer with a continuously decreasing impedance from Z1 to
Z2 would be used. This also serves the purpose of increasing transducer bandwidth.
Due to cost and manufacturing di culties the single quarter wavelength matching
layer is still most commonly used for commercial ACU. An e↵ective air-coupled
matching layer using a combination of porous materials and rubber material was
studied in [13].
1.2.2 Piezoelectric Composite Transducers
Composite transducers are made by embedding a structure of active piezoelectric
material in a passive filler[14], such as a polymer, which is more compliant than the
ceramic. The composite structure can thus have a much lower acoustic impedance
than the corresponding pure ceramic by adjusting the ceramic volume fraction. A
1-3 connectivity composite transducer[15], which comprises an array of piezoelectric
pillars separated by the filler (as illustrated in Fig. 1.9), are often used for their ease
of manufacturing and electroding. This type of transducer is also suitable for mak-
ing into an array, by electroding one side with the desired array pattern, since the
pillars are naturally insulated from each other. Transducers use the through thick-
ness mode along the z axes of the pillars to generate ultrasound. As the volume
fraction is reduced the acoustic impedance is lowered, but because the percentage
of active material is reduced the electrical permittivity ✏r is also reduced, which
lowers the transducer performance in transmit mode (i.e. for generating ultrasound
waves). Hence there is a trade o↵ between the relative permittivity and the acoustic
impedance. An in depth study of 1-3 connectivity transducers found that the opti-
mal ceramic volume fraction for transmission and reception e ciencies in air are in
the ranges 50%-70% and 10%-30% respectively[15].
Although a low volume fraction significantly lowers the transducer’s acoustic
impedance, it is still several orders of magnitude greater than that of air. It is
therefore common to combine the composite transducer with one or more matching
layers, which can boost transducer e ciency further[16]. Composite transducers
are well matched to water, and are therefore often used for medical applications to
couple ultrasound into human tissue[17].
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Figure 1.9: Schematic diagram of a 1-3 connectivity composite with square PZT
pillars.
1.2.3 Soft Piezoelectric Materials
There are also piezoelectric materials that are naturally more compliant than ceram-
ics, and can therefore be used without matching layers for ultrasound transmission
and reception in air.
Cellular electret films, made from polytetrafluoroethylene[18], silicon dioxide[19]
or polypropylene[20], have acoustic impedances < 0.1 MRayl and exhibit a pseu-
dopiezoelectric response combined with mechanical flexibility. The electroacoustic
response of polypropylene cellular electret films has been investigated in [21], and
has been tested as a novel active matching layer in [22]. One of the drawbacks with
using these electrets is a large attenuation factor and a lack of robustness, which
arises due to the necessary porosity of the material.
In 1969, the polymer material polyvinylidene fluoride (PVDF), which had
been stretched and poled at an elevated temperature, was discovered to have piezo-
electric properties[23]. A stable d31 of 20 pmV 1 was observed (more details regard-
ing piezoelectric constants such as d31 will be given in section 4.1.1), which can be
compared to the widely used piezoceramic PZT5H, which has d31 =  274 pmV 1.
The material has a low acoustic impedance, mechanical flexibility, and a relatively
low cost of manufacturing. The electromechanical coupling coe cient of PVDF is
also not as high as that of standard PZT ceramics, but this is to some extent com-
pensated by the high electric field strength made possible by the thinness of PVDF
films, which enables large displacements for relatively low driving voltages[24]. The
use of PVDF to make a curved and cylindrical transducer for ACU is found in [25]
and [26] respectively. PVDF has many advantages as the active transducer material
for ACU, but it is not environmentally very robust. The material depolarises at the
relatively low temperature of 80 C.
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1.2.4 Electrostatic Transducers
Electrostatic, or capacitive, transducers, including capacitive micromachined ultra-
sonic transducers (CMUTs)[27], have shown a lot of promise in various applications
requiring ultrasonic transmission into low impedance media. Especially in the medi-
cal field CMUTs are promoted as a potential alternative to 1-3 composite transducers
[28].
An electrostatic transducer works on the principle of having a thin membrane,
which is rigidly stretched by a large bias voltage (⇠ 200 V) between the membrane
and a backing substrate, as illustrated in Fig. 1.10. An AC signal applied to the
top electrode will then cause the membrane to vibrate and hence generate ultrasonic
pressure waves in the medium. In receive mode, incoming waves cause the membrane
to vibrate giving rise to an electrical signal.
V0+V(t)
Insulating film
Conducting 
contoured
back plate
Top electrode
Figure 1.10: Schematic diagram of an electrostatic transducer with a bias volt-
age V0.
The use of CMUTs for contactless NDE has been demonstrated in [29], and
for flow measurements in [30]. CMUTs have shown excellent performance both in
terms of coupling and bandwidth, but have some potential disadvantages compared
to piezoelectric transducers. For optimum coupling the bias voltage V0 has to be
close to the breakdown voltage of the capacitive element [31]. A high bias voltage,
usually around 200 V, can be a problem in of itself in terms of supporting electronics
as well as from an intrinsic safety point of view. Because of these considerations,
research into reducing bias voltage, or removing it entirely, is ongoing[32].
Di↵erent design philosophies apply to transmitting and receiving CMUTs. A
receiving CMUT with a high sensitivity will have a small gap between the membrane
and the substrate, whereas a good transmitter needs a larger gap to accommodate
large displacement amplitudes. This makes CMUTs to some extent harder to design
for pulse-echo applications, where one transducer is used for both transmitting and
receiving.
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1.2.5 Piezoelectric Flexural Transducers
Flexural transducers use the bending modes of a thin plate to transmit ultrasound to
a low impedance medium. Because a thin plate is more compliant than a bulk sam-
ple, the e↵ective acoustic impedance is much lower than the characteristic impedance
of the material as defined in equation 1.33. Fig. 1.11a shows a schematic diagram of
a standard piezoelectric flexural transducer. A thin piezoelectric element is bonded
to a passive metal layer. When an electric field is applied the piezoelectric disc
expands radially, but because it is constrained at the metal boundary the two layer
system bends, as illustrated in Fig. 1.11b. In this way large deflections can be cre-
ated for a relatively low input voltage. Because the flexural transducer is inherently
a resonant system it has a narrow bandwidth, which limits its use for certain appli-
cations. In essence, the flexural transducer achieves large signal amplitude at the
loss of bandwidth. Mechanical and electronic damping of the transducer can reduce
ring down time, and hence increase bandwidth to some extent, but this comes at a
cost in overall displacement amplitude.
PZT
Metal cap
V=0
Bond layer
(a)
V
Wave
(b)
Figure 1.11: Schematic diagrams of a typical flexural transducer, (a) with no
applied voltage and (b) with an applied voltage.
There has been more recent development of micromachined, multi-cell flexu-
ral transducers, so called piezoelectric micromachined ultrasonic transducers (PMUTs)
[33], with obvious parallels to CMUTs as seen in the previous section. Fig. 1.12
shows a schematic diagram of a single cell PMUT transducer. The substrate will
typically be machined from silicon, as there exists extensive background knowledge
in processing the material for MEMS technology. Similar to standard flexural trans-
ducers the operation frequency of a PMUT is not determined by the through thick-
ness resonance of the piezoelectric element, but rather by the combined thickness
and diameter of the membrane, electrodes and active film. These can be precisely
varied to achieve a wide range of di↵erent resonance frequencies. A recent, detailed,
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analysis of PMUT behaviour with comparisons to simulation results is found in [34]
Machined substrate (Si)
Vacuum
PZT film
V(t)
Electrodes Wave
Figure 1.12: Schematic diagram of a crossectional view of a single PMUT cell.
Typical dimensions are on the order of tens of microns laterally and on the order
of microns in thickness.
For both types of flexural transducers there is a balance between coupling
and frequency. A plate or membrane with high compliance, achieved by a large
diameter and small thickness, gives the best coupling to low impedance media but
also reduces the resonance frequencies of the device. Hence the higher the frequency
of the device the lower the coupling e ciency to the load medium.
1.3 ACU Technology Applications
1.3.1 Flow Metering
The measurements and monitoring of fluid flow or flow metering, is crucial for many
industries. Flow metering is used in the petrochemical industry to measure the
volumetric flow of natural gas and oil [35]. Water companies use metering to keep
track of how much water is being used and recycled, as well as for monitoring water
levels.
Transducer
Path (L)d v(r)
Pipe wall
Flow 
profile
θ
Figure 1.13: Schematic diagram of a single path ultrasonic flow measurement
using two transducers in pitch-catch mode in laminar flow (parabolic flow pro-
file).
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Ultrasonic flow metering often uses time-of-flight (TOF) measurements of
waves travelling upstream and downstream of the flow. The waves will have a veloc-
ity which is the vector addition of the inherent velocity of ultrasound in the specific
medium and the velocity of the flow. Hence, for a wave travelling downstream the
velocity will be greater and the measured TOF smaller. A typical pitch-catch setup
is illustrated schematically in Fig. 1.13. The ultrasound transit times upstream tu
and down stream td are given by
tu =
L
c  vcos(✓)
td =
L
c+ vcos(✓)
,
(1.44)
where L is the length of the ultrasound path, c is the sound speed in the medium
with no flow, v is the average flow velocity at and an angle ✓ to the ultrasound
path. tu and td are measured by alternating generator and receiver modes between
the two transducers. Solving for the flow velocity v cancels c and the need of any
inherent knowledge of the propagation medium to give
v =
d(tu   td)
2tutdsin(✓)cos(✓)
, (1.45)
where d is the inner diameter of the pipe, such that L = d/cos(✓). It is important
to note that the flow velocity v from equation 1.45 is not enough to work out the
volume flow or the mass flow under most circumstances. v is a measure of the
average flow velocity along a single line through the pipe and will only correspond
to the crossectional average in the specific case of a completely flat flow profile. That
is, unless the flow velocity v(x, y) = v the volume flow can only be estimated. The
velocity v and the volumetric flow velocity vm can defined as
v =
1
L
Z
L
v(r)dL
vm =
1
S
Z
S
v(r)dS,
(1.46)
where S is the crossectional area of the pipe, and assuming that the flow is symmetric
about the central axis of the pipe, i.e. axisymmetric flow.
To solve this, a wetted ultrasonic flow meter will in general have several
pairs of transceivers, each with a unique path through the pipe [36]. Such a meter,
known as a multi-path meter, covers a larger proportion of the crossectional area
of the pipe. This allows for more accurate predictions of the volumetric flow vm.
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Multi-path meters can also measure swirl. Ultrasonic flow meters with as many as
24 paths are commercially available.
1.3.2 Non-Destructive Evaluation (NDE)
Contactless techniques can be beneficial and sometimes essential in various NDE
applications. It has found extensive applications in techniques using Lamb waves
(thin plate waves) to evaluate defects in plates [37]. The technique has been shown
e↵ective on various materials, including composites such as carbon fibre reinforced
polymer (CFRP). Laser ultrasound is another non-contact technique that is used
for inspection of composite materials [38]. However, laser ultrasound systems are
expensive to set up, and not energy e cient to run.
TimeA
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Figure 1.14: Schematic diagrams of some typical ACU NDE techniques, includ-
ing (a) pulse-echo, (b) spectroscopy/through transmission and (c) back scatter-
ing.
There are di↵erent techniques of using ACU for NDE, including pulse-echo,
through transmission, ultrasonic spectroscopy and back scattering, which are illus-
trated in Fig. 1.14. Pulse-echo (Fig. 1.14a) is one of the most common techniques,
where a single transducer emits a short pulse at right angles to the sample surface,
and then receives the reflected waves. The depth, and to some extent the size, of
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the defect can be determined from the time and amplitude of the associated echo,
as well as sample thickness. Through transmission (Fig. 1.14b) can be used for
simple defect detection by looking at signal amplitude. By scanning the sample
the defect can be e↵ectively sized laterally. The technique is also often used for
quickly scanning sample thickness. Ultrasonic spectroscopy, often using a through
transmission setup, analyses the frequency content of a signal that has interacted
with a sample, and by comparing it to the frequency content of the input pulse, in-
formation regarding the sample structure can be deduced. Back scatter techniques
(Fig. 1.14c) are most applicable to samples with an inherent non-homogenous sur-
face or near-surface structure, such as CFRP. It is similar to the pulse echo setup,
but importantly the ultrasonic waves are incident upon the sample at an angle  .
While   is kept constant the sample or transducer is rotated through the angle ✓.
The received signal amplitude depends upon the orientation of the sample structure
with respect to the incident ultrasound.
1.3.3 Metrology and Proximity Sensing
Ultrasonic techniques have been used for decades for proximity sensing and imaging
applications. The field has seen an increased amount activity with the advent of
car parking sensors and more recently driverless cars, which need multiple sensor
technologies in order to function safely. The mass production of simple yet robust
transducers that are needed for these types of applications has been driving the
development of low cost, robust and easy to manufacture devices. The flexural
transducer is in many ways ideal for this type application, as it only needs a small
amount of the more expensive active material (PZT), and the metal housing of
the transducer, as was seen in Fig. 1.11a, inherently provides it with the necessary
ruggedness and environmental protection. Another advantage is the lack of matching
layers, as they can increase the unit cost, the number of production steps, and
introduce more points of failure.
Flexural transducers are also used in robotics[39] and for remote location ap-
plications, e.g. to monitor water levels due to their low power consumption, allowing
them to be driven with simple support electronics and batteries.
Another new use of TOF ACU is touchless gesture control of smart devices[40].
A device, such as a smartphone or tablet, is supplied with ultrasonic sensors. The
sensors continuously monitor the distance of objects (usually hands) from the screen.
By having a high frame rate movements towards and away from the screen can be
detected. Also, by using multiple transducers gestures parallel to the screen and
multiple objects can be tracked. This technology is not yet readily available and
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is largely still in the development stage, but some patents governing the use of
ultrasonic transducers for this purpose have been published[41].
1.4 Phased Array Ultrasound
Ultrasonic phased array transducers use interference between individual transducer
elements to electronically sweep, steer and focus ultrasound. This is especially useful
in imaging applications and is used extensively in medicine as a diagnostic tool[42]
and in NDT for flaw detection and characterisation[43, 44]. Although research into
air-coupled ultrasound arrays has increased over the last decade, the technology is
still in an early stage of development[45]. Three basic types of array geometries are
linear (1D) arrays, two dimensional arrays and annular arrays, which are illustrated
in Fig. 1.15. Annular arrays are more restrictive than the 1D and 2D arrays in that
it can only focus a beam, and not steer it.
In theory any beam shape can be constructed by a properly populated two
dimensional (2D) array, but current applications are mostly limited to beam steering
and focusing. The array is thus often employed to carry out the same work as several
regular transducers, or a single transducer applied in several di↵erent ways. For
example, beam steering allows a single transducer array to image a large volume
of material from a single location, whereas a single element transducer has to be
moved and angled to produce similar results.
The physical principles behind steering and focusing are simply constructive
and destructive interference between waves from independent sources. Thus to focus
a beam at a specific point, the signal to each element of the array has to be time
delayed so that all wavefronts reach the focal point at the same time, compensating
for the di↵erence in path lengths from the individual elements to the focal point.
For a linear array the time delay applied to the nth element for steering at angle ✓
is given by[46]
 tn =
nd
c
sin(✓), (1.47)
where d is the distance between elements also known as the pitch and c is the speed
of sound in the medium of propagation. n can be positive or negative with n = 0
denoting the central array element. For focusing, the delays are given by[47]
 tn =
r0   rn
c
, (1.48)
where r0 is the distance or path length from the centre of the central element to
the focusing point, and rn is the path length from the centre of the nth element to
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Figure 1.15: Schematic diagrams of three array geometries (a) linear (1D), (b)
two dimensional (2D) and (c) annular. In the diagrams d is the interelement
spacing or pitch, k is the kerf, w the element width and L the element length
or elevation.
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that point. Often an additional constant term t0 is added to equations (1.47) and
(1.48) to avoid negative time delays. The delay laws for steering and focusing can
be combined to focus the beam at any arbitrary point in front of the transducer.
Fig. 1.16 shows how a linear array is used to steer and focus by applying appropriate
delays to the individual elements. To reconstruct an image from incoming waves,
the inverse delay laws are applied to each receiving element respectively.
If the spacing between elements, i.e. the pitch, is greater than half the wave-
length in the propagation medium, d >  /2, then constructive interference will occur
at multiple angles. This is known as the  2 criterion[48]. The additional beams are
referred to as grating lobes, and are di↵erent from side lobes, which are not specific
to array transducers. Grating lobes are problematic as they take away energy from
the direction of interest, limit the field of view and create ghost objects in images.
For air-coupled ultrasonics, because of the low sound speed and the relatively large
element apertures required for generating significant pressure amplitudes, the  2 cri-
terion cannot easily be met[45]. For applications that do not involve wide angle
imaging, grating lobes are less of a problem. There are also techniques for reducing
the amplitude of grating lobes or limiting their e↵ect. For example, non periodic
patterns can greatly reduce grating lobes. Some success has been achieved with
random arrays[49] as well as binned arrays[50]. A recent study investigated the
properties of an array placed in a Fermat spiral pattern[51].
Sample Focal point
Element
Pulse
(a)
Wave front
(b)
Figure 1.16: Schematic diagrams illustrating (a) focusing and (b) steering, using
a phased array ultrasound transducer.
25
Chapter 2
Transducer Characterisation
Techniques
Several di↵erent techniques were used to characterise di↵erent aspects of ultrasonic
transducers. Some techniques, such as electrical impedance and output pressure
directivity measurements, are routinely used for transducer characterisation. Other,
more novel, methods were designed and used, and will be outlined in detail in this
section. From the characterisation, di↵erent figures of merit can be extracted, and
some of these will require a brief description, as they are not always universally
known or agreed upon.
2.1 Laser Generation and Detection
As noted in the introduction §1.2.5, the operational frequency of a flexural trans-
ducer is determined by the geometry of the passive layer and piezoelectric unimorph
system. For a thin piezoelectric disk the passive layer, i.e. the metal cap, becomes
the dominant component, which sets the resonance frequencies of the transducer.
Hence it is important to characterise the cap in terms of its resonance behaviour.
There are several advantages of doing this before the transducer has been assem-
bled, i.e. before bonding the piezoelectric disc to the cap. The e↵ects of bonding the
piezoelectric element to the cap can be isolated in later tests, which allows consis-
tency in the bonding process to be evaluated. Also, the resonance behaviour of the
piezoelectric element itself, such as the through thickness modes, can more easily be
separated from that of the transducer as a whole. By comparing the results from a
set of caps, the consistency and tolerance of the dimensions can be evaluated.
The dimensions of the passive layer could be accurately determined by for
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example X-Ray imaging, but this is expensive, slow and provides an unnecessarily
high level of detail. Also, for ultrasound transducer purposes we are more interested
in the dynamic properties. Without the piezoelectric element some other means of
actuating the cap has to be used in order to observe its dynamic behaviour. The
method of actuation should be contactless, in order to a↵ect the cap to a minimal
extent and ensure consistency between subsequent tests. It is also important that
the excitation is broadband, so as to reveal a large range of modes in the interrogated
structure. Laser generated ultrasound[52] is well suited for this task. A laser pulse
can be tailored to fit the area of a specific target, to act in the thermoelastic regime
so as to not ablate the target, and be su ciently short to provide a broad band
of frequencies. The generation laser used was a Nd:YAG laser, with wavelength
  = 1064 nm, and a pulse duration of approximately 10 ns. Filters and focusing
lenses were used to reduce incident power below the ablation threshold, and to get
a spot size of approximately 6 mm.
To detect the resulting vibrations it is important to also have a broadband
receiver, to accurately assess the dynamic behaviour of the cap and not filter out or
bias some modes. Several di↵erent optical techniques using interferometry could be
suitable[53]. In this work an intelligent optics system (IOS) two wave mixer laser
interferometer was used [54]. The system is sensitive to the transverse (out of plane)
displacements, and has a bandwidth of 125 MHz with sensitivity from around 100
Hz. Surface displacement sensitivity is 4⇥ 10 7 nm (W/Hz) 12 . It has a continuous
wave (CW) laser operating at 1550 nm, with variable power up to 2W, depending
on the sample surface. The setup for laser generation and detection is shown in Fig.
2.1.
Nd:YAG
Figure 2.1: Schematic diagram of the laser generation and detection setup used
for characterising the passive layer in the flexural transducer before assembly.
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2.2 Time Resolved Front Face Displacement
One of the most important characteristics for transducers in general and for flexural
transducers in particular is the front face displacement. It is the displacement which
pushes the load medium allowing the wave to propagate. Because of the low acoustic
impedance of air, discussed earlier in §1.2, large displacements of the front face are
essential for e↵ective transmission. By taking a time resolved measurement of the
displacement across the whole surface of a transducer several properties can be
determined. The absolute displacement for a given excitation voltage gives a figure
related to the transducer e ciency. A high displacement for a low voltage means
that transducer can operate with simple supporting electronics, be battery driven,
and can be operated intrinsically safe. The results from these measurements also
reveal resonance behaviour, if the device is driven with a suitable excitation signal.
A broadband excitation pulse allows the transducer to ring down at its mechanical
resonance frequencies, which by Fourier transformation reveals the frequency modes.
Using a narrowband pulse, individual modes can be isolated and analysed. With a
function generator, a CW voltage will give a pure single frequency mode.
Alternatively, to study a single mode, digital signal processing (DSP) can
be used. From the frequency spectrum of the broadband excitation displacement
data, a digital narrowband frequency filter can be designed. Recursively applying
the filter to the displacement signal of each point of the scanned area will eliminate
the vibration contributions from all other modes with frequencies outside that of
the filter, leaving a pure mode. Compared to the CW technique, where each mode
requires a separate scan, using DSP can save a significant amount of time and no
previous knowledge of the resonance frequencies is required.
The setup for measuring the front face displacement is shown in Fig. 2.2. A
Polytec laser vibrometer (OFV-5000) was mounted on a modified commercial 3D
printer (Velleman kit K8200). The printer uses electrical stepper motors (NEMA
17), with a minimum step size of 1.8 , and belt drives to move the print bed in
the xy-plane. The printer movement is controlled from a PC using a custom script
written in Matlab. The laser vibrometer output is connected to a PicoScope, which
is a computer controlled digital oscilloscope, which in turn is controlled by the same
Matlab program as the stage. Because of the minimum step size of the electric
motors, the stage has a limited minimum linear step of 0.015 mm, and cannot reach
every position. An algorithm was implemented that checked the position of the
stage after the move command had been issued. If the stage was unable to reach
the specified position the actual coordinates were recorded instead.
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Figure 2.2: Schematic diagram of the setup used for the front face displacement
scan of a transducer.
The most persistent problem with the displacement scanning technique was
that of achieving consistent signal strength from the laser vibrometer, across the
transducer surface. The signal strength depends on the focus of the laser as well as
the surface conditions of the sample. Hence as the sample moves, small di↵erences
in surface conditions would sometimes have a large impact on the signal strength.
Under a certain threshold the data became corrupted, resulting in spurious spikes of
displacement on the surface. Fortunately these data points were easy to identify and
could either be removed from the set, or smoothed out by two dimensional spatial
averaging.
2.3 Electrical Impedance Analysis
The electrical impedance of any electrical device provides a useful set of character-
istics. The impedance of an ultrasonic transducer can be used for di↵erent things,
such as determining suitable supporting electronics, and finding resonance vibration
frequencies. Research described here focused on the resonance behaviour deducible
from peaks in the phase of the impedance as a function of frequency. At low driv-
ing frequencies a piezoelectric disc generally behaves like a parallel plate capacitor.
Charge builds up on the two electroded faces, with the insulating piezoelectric ma-
terial in between. At resonance frequencies however, the piezoelectric element starts
to dissipate energy in the form of mechanical vibrations.
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Electrical impedance is defined as
Z =
V
I
, (2.1)
which can be seen as an extension of Ohm’s law to take time varying voltages (V (t))
and currents (I(t)) into account.
The impedance is in general a complex number due to a phase shift between
voltage and current. The impedances of an ideal resistor, inductor and capacitor
are shown in table 2.1. The impedance of a simple resistor is purely real and equal
to the resistance R, while the impedances of capacitors and inductors are purely
imaginary.
Table 2.1: Impedance of ideal electric components.
Component Impedance
Resistor R
Inductor j!L
Capacitor 1j!C
Most ultrasonic transducers, e.g. piezoelectric and electrostatic, will behave
like capacitors. Since j = e j
⇡
2 it is seen that a capacitor will cause a phase shift of
-90  between the voltage and current. As the transducer resonates and dissipates
energy it becomes more inductive causing the phase to increase, creating a peak
in the phase frequency spectrum, in the position corresponding to the resonance
frequency. The magnitude of the peak, i.e. the impedance phase value at resonance,
indicates how much energy is being dissipated and is related to the transducer
e ciency.
An Agilent impedance analyser (4294A) was used, connected to a PC via
ethernet, and controlled by a LabView program.
2.4 Pressure and Directivity Measurements
The useful output from an air-coupled ultrasonic transducer is the pressure wave
that propagates through the air. A large pressure signal is associated with larger
displacements, which give larger responses from receivers and are hence easier to
measure. The pressure amplitude for a given excitation voltage is a good measure
of the transducer e ciency.
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However, measuring the pressure amplitude alone is insu cient to fully char-
acterise the transducer output. The directivity of the pressure wave emitted by the
transducer is of equal importance. The directivity, sometimes referred to as the
beam profile, shows how the wave spreads out from the transducer source, and how
the pressure is distributed angularly.
A useful figure of merit is the beamwidth of a transducer. It can be defined
as the angular range where the pressure amplitude is above  3 dB of the maximum
amplitude. There is no single optimal number for beamwidth, as di↵erent ACU
applications have widely varying requirements.
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Figure 2.3: Schematic diagram of the setup for measuring the directivity of an
ACU transducer.
Most ultrasonic transducer are axisymmetric, and it is only necessary to
measure the pressure in one plane to get the full beam profile. The setup used
in this research is shown in Fig. 2.3. A broadband (-3 dB at 150 kHz) acoustic
microphone (BK 4138-A-015) was used to get accurate readings of the pressure.
The microphone and amplifier were factory calibrated to give readings in volts per
unit pascal (VPa 1). Optical rails and a rotational stage were used to create the
rotational arm, in order to sweep the microphone from  90  to 90  at a fixed radius
R away from the transducer’s front face. The rotational arm had increments in steps
of 2 , with an estimated uncertainty ±1 , which is more than su cient to accurately
characterise all ACU systems encountered in this research.
For most conventional transducers the directivity is similar in both receive
and transmit mode. That is, the transducer is most sensitive in the same direction in
which it outputs the most pressure when transmitting. However, this is not always
the case, and it is therefore useful to also characterise the receive directivity. This
is most easily done by replacing the microphone in Fig. 2.3 with a uniform acoustic
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source, which can then be swept to hit the investigated transducer from di↵erent
angles.
2.5 Transmit-Receive Measurement
In transmit-receive (TX-RX) mode one transducer is used as generator and a second
transducer as receiver as seen in Fig. 2.4. This is a common setup in di↵erent
ACU applications, e.g. communication[55], flow metering and NDE[56]. This test
is a good indicator of how well the transducer will actually work in these types
of applications. Because pairs of transducers will not have perfectly overlapping
bandwidths TX-RX measurements are also used to find pairs of transducers that are
frequency matched. By comparing the input voltage or energy to the voltage from
the receiving transducer the insertion loss (usually in dB) can be determined[57].
Function
generator Oscilloscope
Transmit
transducer
Receive
transducer
Figure 2.4: Schematic diagram of the ACU transmit-receive setup.
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Chapter 3
Theory and Modelling of
Vibrating Plates
To gain better understanding of flexural transducers and the underlying physics of
their properties, an analytical model of the transducers was studied. The analytical
theory provides physical insight into the fundamental behaviour of a system and
gives predictions that can be experimentally corroborated. A full theoretical de-
scription of a flexural transducer, including all the bonds and the backing and the
full geometry of the cap is not currently available, because of the complexity of the
system. There are however a number of assumptions that can be made, which dras-
tically simplify the problem. One of the most straightforward routes of analysing
a flexural system is to use thin plate theory[58, 59], which is well understood. A
flexural transducer, as illustrated in Fig. 1.11a, can be thought of as a thin, circular,
metal plate, constrained along its outer boundary by the sides of the cap. It can
therefore be modelled with a good level of accuracy as a circular, edge clamped,
thin plate.
The definition of a thin plate is somewhat arbitrary, and is in general de-
pendent on the ratio between thickness h and a lateral dimension a (e.g. the radius
in the case of a circular plate). Very thin plates a/h > 100 lack flexural rigidity
and would more correctly be referred to as membranes, as the restoring forces from
a displacement are tensile membrane forces. Thick plates with a/h < 10 need
to be treated similar to a bulk sample, with all components of stress and strain
taken into account. The interesting region between membranes and thick plates
10 < a/h < 100 contains all types of thin plates with some flexural rigidity. For
small displacements, any membrane forces can be ignored, and the plate dynamics
are governed by internal bending moments and transverse shear forces.
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Even though a lot of understanding can be gained from a theoretical descrip-
tion alone, more realistic and accurate predictions of the system behaviour can be
obtained from finite element (FE) modelling[48]. In an FE model the whole flexural
transducer system, including piezoelectric materials and the load medium, can be
modelled. Apart from more accurate predictions, the FE model has the potential
of predicting wholly new features that arise from the complexity of the interactions
between all individual parts that make up the whole transducer structure.
3.1 Theory of Vibrating Plates
h/2
h/2
w
Middle plane
Plate
Figure 3.1: Schematic diagram of a thin plate with thickness h being deflected.
The equations describing the vibrations in circular, elliptical and rectangular
plates with clamped, simply supported or free boundary conditions are derived in
[60]. Consider a plate with thickness h as illustrated in Fig. 3.1. The general
di↵erential equation describing the transverse displacement of any thin plate in the
range of a/h as set out above, regardless of shape and boundary conditions, is
Dr4w(r, t) + ⇢@
2w(r, t)
@t2
= 0, (3.1)
where D is the rigidity of the plate defined in equation (3.2), w is the transverse
displacement, r is the position vector and ⇢ is the area density. The rigidity is given
by[60]
D =
Eh3
12(1  ⌫2) , (3.2)
where E is Young’s modulus and ⌫ the Poisson ratio. In order to derive equation
3.1 there are some necessary assumptions
1. The plate material is elastic, homogenous and isotropic.
2. The plate is initially flat ( w(r, t = 0) = 0 ).
3. Deflections are small compared to the plate thickness (w << h).
34
4. Straight lines, initially perpendicular to the middle plane of the plate, remain
perpendicular and constant in length during bending.
5. The stress perpendicular to the middle plane is small compared to other stress
components.
6. The middle surface is unstrained after bending, because displacements are
small.
The assumptions are known as Kirchho↵’s hypotheses[58], and essentially reduce
the need for a three dimensional analysis of plate bending to a two dimensional
analysis. For example, assumption 3 which asserts that displacements are small in
comparison to the thickness, means that the slope is very small and the square of
the slope can be neglected. After applying all the assumptions the resulting theory
is known as Kirchho↵’s plate theory.
To solve equation (3.1) we assume the displacement has the general harmonic
form
w(r, t) =W (r)cos(!t), (3.3)
where W is the position dependent displacement amplitude normal to the plate and
! the angular frequency of the vibrations. Substituting equation (3.3) into (3.1)
gives
r4W   ⇢!
2
D
W = 0. (3.4)
Define k4 = ⇢!
2
D and rearrange equation (3.4):
(r2   k2)(r2 + k2)W = 0. (3.5)
This gives us the two equations
(r2 + k2)W =0
(r2   k2)W =0,
(3.6)
which are the Helmholtz and modified Helmholtz equations respectively[61].
3.1.1 Solutions for Circular Plates
For circular plates we can use r = |r|, which is the distance from the centre of
the plate. Using polar coordinates the Helmholtz equations (3.6) can be solved by
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separation of variables, W (r, ✓) = R(r)⇥(✓), which gives
⇥
r
d
dr
✓
r
dR
dr
◆
+
R
r2
d2⇥
d✓2
± k2R⇥ = 0
r
R
d
dr
✓
r
dR
dr
◆
+
1
⇥
d2⇥
d✓2
± k2r2 = 0
r
R
d
dr
✓
r
dR
dr
◆
± k2r2 =   1
⇥
d2⇥
d✓2
= const. = n2.
(3.7)
From equation (3.7) we get two ODEs, one for each polar coordinate, equal to
the same constant that has been arbitrarily denoted n2. Due to the periodic 2⇡
boundary condition of a circular plate, solutions to the angle dependent equation
are of the form e±jn✓ with n = integer. Writing out the radial equations explicitly
gives
r2
d2R
dr2
+ r
dR
dr
+ (k2r2   n2)R = 0 (3.8)
r2
d2R
dr2
+ r
dR
dr
  (k2r2 + n2)R = 0, (3.9)
where equation (3.8) is Bessel’s di↵erential equation and (3.9) is the modified Bessel
equation, in the independent variable kr[61]. Solutions to equation (3.8) are the
Bessel functions of first and second kind, denoted Jn(kr) and Yn(kr) respectively,
and any linear combination of the two. Similarly, the solutions to equation (3.9) are
the modified Bessel functions of first and second kind, denoted In(kr) and Kn(kr)
respectively, and any linear combination of the two.
For the specific example of a solid, circular plate some simplifications can be
made. Assuming there is no hole at the centre of the plate, to avoid infinite stresses
and deflections, both Yn(kr) andKn(kr) are eliminated. Only Bessel functions of the
first kind, for positive, integral n are regular at the origin. Also, assuming that the
boundary conditions around the plate are symmetrical (w.r.t. one or more diameters)
the non-symmetrical terms from the angular function ⇥(✓) can be removed. Thus
for a circular, solid plate the general equation for the amplitude of a mode n is
Wn(r, ✓) = [AnJn(kr) +BnIn(kr)] cos(n✓), (3.10)
where An and Bn are constant coe cients determined by the boundary conditions.
Looking at the angular dependence of equation (3.10) it is seen how n specifies the
number of nodal diameters, due to its position in the argument of the cosine factor.
Hence, all axisymmetric modes require n = 0. The mode shape of any axisymmetric
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mode is therefore described by
W (r) = AJ0(kr) +BI0(kr). (3.11)
To illustrate how the mode shapes and frequencies can be predicted by equa-
tion (3.10) a plate clamped uniformly along its outer edge is considered. The bound-
ary conditions of a clamped plate, of radius r = a, can be expressed as
W (a) = 0
@W
@r
    
a
= 0,
(3.12)
i.e. there is no displacement or gradient of displacement along the edge of the plate.
Substituting equation (3.10) into equations (3.12) gives, for non trivial solutions,
the characteristic determinant      Jn( ) In( )J 0n( ) I 0n( )
      = 0, (3.13)
where   = ka, and primes denote di↵erentiation w.r.t. kr. The following recursion
relations apply to Bessel functions and their first derivatives [61]
 J 0n( ) = nJn( )   Jn+1( )
 I 0n( ) = nIn( ) +  In+1( ),
(3.14)
which when applied to the characteristic equation (3.13) can be used to eliminate
the primed functions to give
Jn( )In+1( ) + In( )Jn+1( ) = 0. (3.15)
The roots of equation (3.15) are the eigenvalues  , which can easily be found through
numerical methods. Table 3.1 shows the first few eigenvalues for n = 0, 1, 2, 3. Fig.
3.2 shows the positions of the nodal lines for a plate in vibration mode (m,n) for
m,n = 0, 1, 2. It can be seen that the nodal radius increases for modes with one or
more nodal diameters, which can be understood as the system minimising its energy
by reducing the slope of displacement close to the centre.
By the definition of k (and hence  ) the mode frequency ! is related to   by
! =
✓
 
a
◆2sD
⇢
. (3.16)
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Table 3.1: The first seven roots ( ) of equation (3.15) corresponding to the
modes of a clamped, circular plate. n corresponds to the number of nodal di-
ameters and m to the number of nodal radii. The column with n = 0 represents
the axisymmetric modes.
n
m
0 1 2 3
0 3.19625 4.61085 5.90565 7.14355
1 6.30645 7.79925 9.19685 10.5366
2 9.43945 10.958 12.4022 13.795
3 12.5771 14.1086 15.5794 17.0052
4 15.7164 17.2557 18.7439 20.1923
5 18.8565 20.401 21.9014 23.3662
6 21.997 23.5453 25.0548 26.5321
7 25.1379 26.6889 28.2054 29.6926
(0,0)
(1,0)
(2,0)
(1,1)
(0,1)
(2,1)
(0,2)
(1,2)
(2,2)
Figure 3.2: Nodal lines of a an edge clamped plate in vibration mode (m,n) for
m,n = 0, 1, 2. The nodal radii of each mode are accurately scaled.
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The specific mode shape can then be determined by applying one of the
boundary condition equations (3.12) to equation (3.10), replacing ka with the eigen-
value   of the mode of interest. Fig. 3.3 shows the normalised mode shapes of four
modes. These mode shapes are important for predicting the acoustic beam profile
that a particular mode will produce.
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Figure 3.3: Normalised theoretical mode shapesW (r, ✓) for vibration modes (a)
(0,0), (b) (0,1), (c) (1,0) and (d) (1,1).
Two other boundary conditions of importance relate to completely free plates
and simply supported plates, which are treated extensively in [60]. For the flexural
transducer, described in §1.2.5 and depicted in fig. 1.11, the actual boundary condi-
tions are more complicated than the three mentioned. The edge of the plate is not
rigidly fixed, yet its motion is impeded by the sides of the cap. This situation could
potentially be modelled as a plate uniformly supported along the edge by springs.
The spring constant would be determined by the thickness and material properties
of the sides of the cap.
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3.2 Finite Element Modelling of Flexural Transducers
As mentioned earlier, an analytical approach to a full 3D transducer system is not
possible because of the level of complexity. FE methods[62] provide a solution,
which has been shown to be successful for ultrasonic problems.
FE methods divide a model into a number of sub-domains, referred to as
elements. It is a discretisation procedure of a continuous system. The elements are
connected at certain points referred to as nodes. A simple exemplary system is illus-
trated in Fig. 3.4. Although the illustration portrays the element as a rectangle or
a cuboid, other geometric shapes such as triangles are not uncommon. Field values,
such as velocity, in an element is determined by interpolation between bounding
nodes. Each node is associated with a set of predefined parameters, such as sti↵ness
and mass, determined by the material in the model.
Element
1,1 1,2
2,22,1
Node
2D element 3D element
Figure 3.4: Depiction of rectangular and cuboid elements and nodes.
The FE method then works as follows. A force F (t) is applied to a node
or a set of nodes. The force may be time varying, but takes on a single value for
the time step t. Velocities v(t) caused by the force F (t) are calculated given the
material parameters of the node. From the velocities v(t) of each node the forces
F (t+  t) are determined and applied to the nodes to update the velocity v(t+  t).
Hence the system iteratively develops in time in steps of  t. FE methods can also
be used in the frequency domain, which translates from the time domain via Fourier
transformation.
To determine an appropriate size of each element, i.e.  x and  y between
nodes, some knowledge of the dynamic behaviour of the system is required. Specif-
ically, there should be at least two nodes per smallest wavelength of interest. In
essence it is a spatial Nyquist criteria. If the element size is bigger, the dynamics of
these wavelengths will be missed or aliased down to look like a longer wavelength
phenomenon. In practise it is common to use more than two nodes per wavelength
for better resolution. It might appear that the optimal solution would be to make
the elements arbitrarily small, but this can unnecessarily waste computational re-
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sources. Once the Nyquist criteria has been satisfied the results from decreasing the
element size start to converge to a point where no new information or significant im-
provement in precision can be achieved. It is good practice to make short runs with
relatively large element sizes to initially evaluate the model, and then successively
decrease the element size until the results from subsequent runs converge.
FE methods are not useful without computer implementation, in order to
run these computationally intense iterations. Several commercial software pack-
ages specialising in FE analysis exist. In this research the software package PZFlex
(Weidlinger Associates Inc., USA) was used, as it has been optimised for ultrasonic
simulations. It is important that the specific implementation of the finite element
model can handle large displacements, in order to accurately simulate flexural be-
haviour. PZFlex also o↵ers built in extrapolation tools, which allows field variables
(such as pressure and displacement) far away from the ultrasonic source to be cal-
culated without having to extend the meshed region of the FE model, which could
potentially cost significant amounts of computation time. Although the theory in
section §3.1.1 treats both axisymmetric (n = 0) and non-axisymmetric modes, often
we will be mostly concerned with the former. It is therefore expedient to reduce
the full 3D transducer system to a 2D axisymmetric model, which saves significant
amounts of computation time.
r
rpzt
hpzt
h
R
L
PZT5H
Figure 3.5: Diagram with labeled dimensions of the axisymmetric FE model
used to simulate a piezoelectric flexural transducer. Models with the di↵erent
cap materials aluminium, stainless steel and titanium were made.
The standard model used for FE analysis is illustrated in Fig. 3.5. It has the
essential features of a flexural transducer, as introduced in §1.2.5, with a piezoelectric
element bonded to the inside of a metal cap. Simulation without the piezoelectric
element, where the cap is actuated by a time varying pressure load function, were
also carried out.
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3.3 Conclusions
From the theoretical calculations using equation (3.16), which relates frequency to
plate dimensions and material properties, and substituting in values for   from
Table 3.1, the frequency of a mode can be predicted. The numerous assumptions
that have been made and the simplicity of the model limits the accuracy, but it is
a quick way of obtaining an approximate figure for the resonance frequencies. The
dimensions of a specific frequency from the theory can be implemented in the FE
model, and then fine tuned to give a specific response.
The frequency dependence on the dimensions can be seen by substituting the
expression for the rigidity D in equation (3.2) into equation (3.16), which gives the
two relations
! / h
! / 1
a2
,
(3.17)
i.e. the mode frequency is linear with the thickness of the plate and inversely pro-
portional to the square of the plate radius. In general then an edge clamped circular
plate with any given mode frequency could be fabricated. However, this is only true
in the limited extent of the assumptions of the thin plate theory. The frequency
could be increased indefinitely by increasing the plate thickness relative to the plate
radius, but soon the plate would be too thick for the derivation of the frequency
equation (3.16) to be valid. A similar argument is true for the radius.
The FE model provides a convenient way of checking the predictions from
the theory, without having to assemble a transducer and test it empirically. It allows
more complex systems, including the entire transducer system as well as the load
medium to be simulated.
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Chapter 4
Piezoelectric Flexural
Transducers
Macroscopic piezoelectric flexural transducers need to be better understood and fur-
ther developed to become useful for a wider range of applications, where the inherent
robustness and transduction e ciency can be exploited. Some applications such as
imaging, NDT and flow metering would benefit from higher frequency (¡70 kHz)
flexural transducers. To do this, in depth characterisation of flexural transduc-
ers is necessary. The transducers can be characterised in terms of their resonance
behaviour, their mode frequencies fm,n and mode shapes Wm,n(r), displacement
amplitude, electrical impedance and pressure output. The background of the flexu-
ral behaviour from the thin plate theory was covered in the previous section. Here
follows an in depth analysis of piezoelectrically actuated flexural transducers.
4.1 Piezoelectricity
Though many methods for ultrasonic generation exist, piezoelectricity is still used for
the majority of applications. It is therefore important to have an understanding of
the underlying physics of the piezoelectric e↵ect, and of how the material parameters
of a piezoelectric element relate to ultrasonic transduction.
A piezoelectric material will, when subjected to stress, develop a potential
di↵erence across opposing faces, which is known as the direct piezoelectric e↵ect.
The indirect (or inverse) piezoelectric e↵ect occurs when an external potential di↵er-
ence is applied across the opposing faces, which induces a strain in the piezoelectric
element. The e↵ect has been demonstrated for frequencies up to terahertz, which
is why the indirect e↵ect can be used to generate ultrasonic waves and the direct
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e↵ect can be used to sense ultrasonic waves.
In order for a material to be piezoelectric, the cells of the crystal structure
need to lack a centre of symmetry. The lack of symmetry is not su cient by itself
to ensure piezoelectricity, but it is a necessary condition. Of the 32 crystallographic
point groups there are 21 crystal systems without a centre of symmetry, of which
20 exhibit piezoelectricity.
The commonly used material lead zirconate titanate (PZT) has a so called
perovskite crystal structure, as shown in Fig. 4.1. The unit cell features a positive
Ti or Zr ion inside a octahedron of negative oxygen ions, with a cube of positive Pb
ions around it. At zero temperature, i.e. when the atoms have no kinetic energy,
the bonds between the oxygen ions push the central ion out of the centre, creating
an electric dipole moment and hence polarisation. It is only when the temperature
reaches the Curie temperature TC , that the system assumes a centrosymmetric
alignment and the polarisation disappears. The Curie temperature for commonly
used varieties of PZT is TC ⇡ 300 C.
Pb2+
O2-
Ti4+, Zr4+
(a) (b)
P
Figure 4.1: The PZT perovskite crystal structure in (a) its symmetric form,
which occurs above the Curie temperature, and (b) in its non-symmetric form,
which gives rise to spontaneous polarisation in the indicated direction below the
Curie temperature.
Polarisation is a vector quantity, and PZT neighbouring cells will tend to
have aligned polarisation in so called domains. The polarisation direction of indi-
vidual domains is however random, which means that there is no net polarisation.
The domains can however be aligned by subjecting the crystal to a strong electric
field, which is called poling. Usually voltages in the order of kV are used with the
piezoelectric element submerged in oil, at an elevated temperature ⇡ TC , over a time
period of hours. After the poling process, the material will keep its net polarisation
provided it is not subjected to temperatures > TC [63].
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4.1.1 Mathematical Formulation of Piezoelectrcity
To gain a proper understanding of piezoelectricity, the relation between the elec-
tric and mechanical properties need to be formulated mathematically. Because of
anisotropic behaviour of piezoelectric materials, a full 3D representation is most
appropriate, although some simplifications have been made in order to highlight the
traits important for ultrasonic transduction applications. In the following section
tensor notation and the Einstein convention of summation over repeated indices are
used. Bold letters indicate vector or matrix quantities.
The constitutive equations of piezoelectricity can be derived from the electric
Enthalpy function H(✏,E)[64], which is defined as
H(✏,E) = cijkl✏ij✏kl   12ijEiEj   eijk✏ijEk, (4.1)
where c is the generalised elastic constant (at constant electric field) known as
the sti↵ness tensor, ✏ is the strain tensor,  is the dielectric constant or relative
permittivity (at constant strain), and E is the electric field. H sums up the energy
of a piezoelectric system with material properties defined by c, and e under strain ✏
and in an electric field E. From the enthalpy, expressed here in terms of independent
variables ✏ and E, the electric displacement D and stress tensor   are given by
di↵erentiation with respect to electric field and strain respectively[65]
Di =  @H(✏,E)
@Ei
= ijEj + eijk✏jk (4.2)
 ij =
@H(✏,E)
@✏ij
= cijkl✏kl   eijkEk (4.3)
Equations (4.2) and (4.3) are known as the piezoelectric constitutive equations.
The electric displacement equals the familiar electric field term plus an induced
polarisation term, from the interaction between strain and piezoelectrcity. Equa-
tion (4.3) can most readily be interpreted as an extension to the general theory of
elasticity[66, 67], by subtracting from the strain term the piezoelectric contribution
to the stress due to the electric field E.
It can sometimes be helpful to use other independent variables in the enthalpy
function H, in order to derive other constitutive relations. For example by using  
and E as independent variables the strain is given by
✏ij = cijkl kl + dijkEk, (4.4)
where d is another piezoelectric constant similar to e, which relates strain to electric
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field, and is referred to as the piezoelectric charge constant. Both the sti↵ness tensor
c and the piezoelectric coe cient d can be simplified by taking into account the
particular crystal symmetries and boundary conditions of the piezoelectric sample
considered. For PZT, which belongs to one of the 21 non-centrosymmetric point
symmetry groups denoted 4mm[67], there are only 3 independent variables in the
piezoelectric tensor. Using the reduced index notation dijk = dip for i = 1, 2, 3 and
p = 1, ..., 6, where 11 ! 1, 22 ! 2, 33 ! 3, 23 or 32 ! 4, 13 or 31 ! 5, and
12 or 21! 6, the piezoelectric coe cient can be represented by the matrix
d =
0B@ 0 0 0 0 d15 00 0 0 d15 0 0
d31 d31 d33 0 0 0
1CA . (4.5)
The d33 component is of particular interest for ultrasonic transduction, as it relates
the strain in the z direction due to an electric field applied along the same axes, which
is the case for the majority of poled piezoelectric elements used for transduction.
The value of d33 is a common figure of merit for piezoelectric elements and can
be experimentally determined by measuring the transverse surface displacement, to
calculate the strain, for a known applied electric field[68].
For flexural transducers of the type described in this work, the d31 is more sig-
nificant in terms of transduction, as it is the lateral strain that causes the unimorph
system to bend. There are however other properties, such as mechanical flexibil-
ity, which need to be taken into account when choosing the optimal piezoelectric
material.
4.2 Equivalent Circuit
Piezoelectric systems can be represented by an equivalent circuit model, which can
be used to analyse the electric response, impedance and energy conversion of a
transducer. Fig. 4.2 shows the so called Van Dyke model[69] for a piezoelectric el-
ement close to resonance, which is a commonly used equivalent circuit model. The
Van Dyke model is a parallel connection of a series LCR representing mechanical
damping mass and elastic compliance, and a capacitor (C0) representing the elec-
trostatic capacitance between the two parallel plates of the piezoelectric element.
R1 represents the mechanical dissipation, and the mechanical quality factor Qm can
be estimated by
Qm =
p
L1/C1
R1
. (4.6)
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C0
C1R1 L1
Figure 4.2: Van Dyke equivalent circuit model of a piezoelectric element close
to resonance.
The value of R1 is relevant to the speed that the resonance peak decays at. The
larger the value of R1, the faster the peak will decay. The physical meanings for
the components of the circuit model can be understood here. The component C0
represents the dominant capacitance of the piezoelectric element, the components
L1, R1 and C1 are relevant to the equivalent mass m, damping coe cient c, and
spring constant k respectively of the piezoelectric element.
The Van Dyke model works well for simple piezoelectric systems with only
one resonance, or only one local resonance. In a narrow frequency band close to the
resonance frequency the electronic parameters are constant (frequency independent),
as long as the given resonance mode is su ciently isolated from other modes. The
model does not accurately characterise systems with significant material losses, for
which the Sherrit model[70] or more recently the Guan model[71] can be used.
C0
C1R1 L1
Rs
Rp
Figure 4.3: Guan equivalent circuit model, which considers both the resonant
and non-resonant frequency regimes of a piezoelectric system.
The Guan equivalent circuit is shown in Fig. 4.3. Rs and Rp (series and par-
allel resistances respectively) represent the mechanical energy losses. Specifically,
the resistance Rs incorporates the energy dissipation associated with the hysteresis
of the electrical displacement and the electric field, which exists for ferroelectric ma-
terials such as piezoceramics. Unlike for the Van Dyke and Sherrit models, where
the circuit parameters can be calculated from the material properties of the piezo-
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electric element, the circuit parameters of the Guan model have to be determined
from measurements of the impedance of the system.
The impedances of the non-resonant and resonant parts of the circuit are
given respectively by
Znr(!) = Rp ⇥ (Rs + 1/(i!C0)) / (Rp +Rs + 1/(i!C0)) ,
Zr(!) = R1 + i!L1 +
1
i!C1
.
(4.7)
To determine the circuit values, the dominant capacitance C0 is first con-
sidered from the impedance measurement. After a value of C0 is chosen C1 is de-
termined from the appearance of both the impedance magnitude and phase around
the resonance peak. The smaller the value of C1/C0, the narrower the bandwidth of
the peak. Usually, for an unloaded piezoelectric element, L1 relates to C1 and the
resonance frequency f1 by[71]
f1 = 1/(2⇡
p
L1C1). (4.8)
For a piezoelectric system attached to a structure, as in the case of a flexural
transducer, there are multiple resonances often closely spaced in frequency. To
accommodate for this behaviour, additional LCR circuits are added in parallel with
Rn, Cn and Ln corresponding to the nth resonance mode.
4.3 Construction
The construction process of the flexural transducer, although seemingly straightfor-
ward, went through several iterations of improvements. The construction appears
simple because of the clean design and the small number of individual parts that
need to be assembled.
In terms of materials for the passive layer, aluminium, stainless steel and
titanium were considered. Three important elastic constants of the materials are
shown in Table 4.1. Aluminium is light and easy to machine, combined with good
elastic properties for flexural transduction. Stainless steel is less suitable for flexural
transduction, due to a higher rigidity which decreases the displacement of a plate
for a given applied force, but is more suitable for industrial applications due to
greater mechanical strength. Titanium is a suitable compromise, with good elastic
properties for flexural transduction and high mechanical strength. The downsides
of titanium are high material costs and di cult machining.
The first set of prototype transducers was made from aluminium. Caps were
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Aluminium Stainless Titanium
E (GPa) 69 190 116
⇢ (kgm 3) 2700 7960 4510
⌫ 0.33 0.3 0.32
Table 4.1: Elastic constants of aluminium, stainless steel and titanium. The
constants are used to calculate the rigidity D of a plate in equation (3.2)
machined by the Physics Department’s mechanical workshop using a metal lathe. A
metal rod with the required outer diameter was cut into sections of the right length,
and the lathe was used to hollow out the centre. A thin layer of two component
epoxy (Araldite-2014) was applied to a thin disc of PZT5H and pushed into the
centre of the cap. The disc was aligned manually to the centre of the cap and left to
cure at atmospheric pressure and room temperature for 24 hours. At this early stage
of the research the aim was to observe flexural vibrations in such a system, and to
compare observed frequencies with those predicted from the analytical model and
FE methods. Despite the very simple construction procedure, flexural behaviour
was observed, as is presented in the next section, and there was general agreement
between experiment and theory.
However, significant di↵erences between nominally identical transducers were
observed. There were disagreements in terms of mode frequencies, mode shapes and
vibration amplitudes. Trying to confirm the accuracy of any model then became
di cult, since di↵erent transducers behaved more or less in accordance with the
theory and FE model.
From the theoretical analysis and the FE methods it was known that small
variations in the dimensions of the plate thickness and radius could have a significant
impact upon the mode frequencies. The di↵erences in mode shapes and amplitudes
were hypothesised to originate from inconsistencies in bonding the piezoelectric ele-
ment. If the disc is not properly centred in the cap, the system loses some symmetry,
which would be expected to a↵ect the mode shapes. The strength and thickness of
the bond will have bearing on the transfer of energy from the disc to the cap, and
would therefore a↵ect the amplitude of the vibrations.
At first the metal lathe was replaced by a CNC machine for constructing
caps. However, the tolerance was still deemed too great, and in the end ready made
caps were procured from an external supplier. This limited the choice of dimensions,
but greatly improved consistency and therefore also the analysis.
To improve the bond and consistency in the bonding process, a new assembly
procedure was developed, which is illustrated in Fig. 4.4. In short, a piston and collar
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Ferritic steel
piston
Guide
collar
Tightening
screw
1. Level piston
2. Lock
Figure 4.4: Step by step guide to the bonding procedure for consistent bond
strength and piezo centering.
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were used to centre the piezoelectric disc inside the cap. The piston is made of ferritic
steel, which together with a magnet produced a consistent pressure to the disc during
the curing procedure. The amount of pressure was regulated by the strength of the
magnet, and was kept consistent between transducers by using the same magnet
for each transducer in a set. For piezoelectric discs with a wrap around electrode
connections were soldered to the disc. Spring contacts and conductive epoxy were
also tested, but did not perform as well.
4.3.1 Flexural Array Construction
To make an array of piezoelectric flexural transducers, instead of assembling individ-
ual caps to populate the array, a novel approach was developed where a semi-rigid
ba✏e is bonded to a single thin sheet of metal. The ba✏e is essentially a plate with
holes in it, which defines the flexural elements on the metal plate by restricting the
displacement amplitude around the holes similar to the sides of a cap. The con-
struction process is illustrated in Fig. 4.5. A similar concept for making a 70 kHz
immersion transducer was found in [72].
Figure 4.5: Step by step construction guide of flexural array transducer, using
a single sheet of metal and a ba✏e back structure. (a) The ba✏e is made by
machining an acrylic plate with a computer controlled laser cutter. (b) The
ba✏e is bonded to the metal plate using a two component epoxy. (c) The
piezoelectric discs are bonded to the plate using a 3D printed guide and the
same epoxy is applied to the ground electrode. (d) Connections are soldered to
the piezoelectric elements.
Two di↵erent types of ba✏es and with di↵erent manufacturing techniques
were tested. The first prototype was used with an acrylic sheet as in Fig. 4.5, which
was patterned using a laser cutter. The second array was made using a 3D printed
ba✏e from ABS plastic. Both techniques o↵er a lot of customisation, with the laser
cutter having better precision. The ba✏e was bonded using two component epoxy
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(Araldite-2014). However, when bonding a plastic to a metal it was di cult to
achieve su cient bond strength, and in some trials the ba✏e was easily peeled o↵
the metal. Pre-treating both surfaces with acetone alleviated the problem to some
extent, but the existence of more appropriate bonding procedures should not be
ruled out.
Piezoelectric discs with wrap-around electrodes were used in the arrays, and
connections were soldered to each electrode. Similar to the procedure for the single
element flexural transducer, thin (0.08 mm) enamelled copper wires were used at
the piezoelectric end, to limit mass loading. The wires were connected to a fixed
structure at the other end for strain relief with coaxial cables coming out of the
structure. This setup allowed each element of the array to be driven separately.
Although the technique illustrated in Fig. 4.5 was used to make a 2D 3 ⇥ 3
array, the method is applicable to a large variety of array layouts. The ease of
customisability is one of the benefits of the assembly technique. It is of interest for
future research to investigate non-circular elements and novel array patterns[51].
4.4 Results
4.4.1 ProWave Transducer
A first set of measurements were made on a commercial 40 kHz flexural ultrasound
transducer from ProWave (400ET250). The nominal operating frequency of 40 kHz
corresponded to the (1,0) mode with a measured frequency of 39.8 kHZ. The mea-
sured fundamental (0,0) mode was at 6 kHZ, which puts it in the audible part of
the spectrum. Fig. 4.6 shows the frequency spectrum from the transducer.
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Figure 4.6: Frequency spectrum from commercial air-coupled ProWave trans-
ducer, excited by a single cycle 80 kHz sinusoidal wave.
The spectrum was produced by Fourier transforming a displacement signal
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from the centre of the front face of the transducer, when the transducer was excited
by a single cycle sinusoidal, 80 kHz signal. Clearly the dominant mode is at 40 kHz,
with the fundamental mode barely visible. The mode shape at 40 kHz was measured
by a laser vibrometer area scan of the transducer front face, as described in §2.2,
and is displayed in Fig. 4.7.
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Figure 4.7: Experimental mode shape of commercial air-coupled ProWave trans-
ducer excited by a windowed sine function with f = 39.8 kHz. (a) Surface snap-
shot of displacement at time of maximum centre displacement. (b) Normalised,
peak-to-peak displacement of each point plotted against the radial distance away
from the centre of that point (⇤) and the theoretical mode shape |W (r, 0)| (—)
for comparison.
As seen in Fig. 4.7b the measured amplitude of the outer antinode, at
r ' 7 mm, is approximately 100% greater than that of a clamped plate of simi-
lar dimensions. The e↵ect is explained by the presence of a piezoelectric element,
which e↵ectively adds sti↵ness and mass loading to the centre portion of the plate,
which limit the amplitude of the central antinode. From the dimensions of the
transducer, ignoring the piezoelectric element, the predicted theoretical frequency
from equation (3.16) is f1,0 = 39.7 kHz, which is in excellent agreement with the
experimental value of (39.8± 0.1) kHz.
4.4.2 Aluminium Cap with f0,0 ' 50 kHz
A passive layer made of aluminium, with dimensions h = 0.5 mm, r = 4.5 mm,
R = 5.5 mm and L = 5 mm, was made and characterised. For details regarding
the experimental setup and characterisation techniques the reader is referred back
to Chapter 2.
Using the laser generation and detection technique (as described in §2.1) the
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frequency spectra of the caps, without any piezoelectric element, were determined.
Fig. 4.8a shows the transient displacement from the centre of the front face of an
aluminium cap. There is a predominant low frequency wave, with higher frequency
signals superposed. The associated frequency spectrum is shown in Fig. 4.8b. The
spectrum shows a strong peak at ' 50 kHz, which matches the designed fundamental
resonance of the cap. Also there is no significant magnitude at lower frequencies.
Though of lesser magnitude some higher frequency modes are also apparent in the
spectrum.
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Figure 4.8: (a) Transient displacement of an aluminium cap when actuated by
a Nd:YAG laser and (b) the associated normalised frequency spectrum, with an
inset showing the smaller peaks in the region 80 kHz to 230 kHz.
The predicted fundamental frequency from equation (3.16) for an edge clamped
plate with a radius equal to the inner radius r = 4.5 mm of the cap is fa=r0,0 = 62 kHz,
which is roughly 10 kHz higher than the fundamental peak in the frequency spec-
trum. Similar results were obtained for the higher modes. This is because the
clamped boundary condition is not strictly true for the cap. Even though the sides
of the cap restricts the motion along the edge there is not an absolute cut-o↵, which
allows the vibration mode shape to extend past the inner radius. As the mode shape
extends the spatial wavelength increases, which is associated with a lower frequency.
Hence the measured mode frequencies would be expected to be lower than the plate
frequencies if the value for the inner radius of the plate is used in the plate model.
If the value of the outer radius of the cap is used in the model, the opposite trend
is observed, where the predicted plate frequency is lower than then measured fre-
quency. The theoretical fundamental frequency of an edge clamped plate, using the
outer radius R = 5.5 mm of the cap, is fa=R0,0 = 41 kHz. Hence it is useful to think
of the clamped plate model as providing a frequency band for each mode, within
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which the measured modes of a cap will be located.
Exact mode determination requires a full displacement (or velocity) area
scan of the radiating face. Because of the narrow width of the theoretical frequency
band for the fundamental mode, as well as its position at the lowest part of the
frequency spectrum makes it easy to identify, even without seeing the mode shape.
This is not true for higher order modes, especially as non-axisymmetric modes that
appear close to axisymmetric modes must be considered. The displacement laser
scan procedure, as described in §2.2, is time consuming and impractical for evaluat-
ing a large number of modes one at the time. A quicker route to determining mode
numbering (m,n) of the peaks in a frequency spectrum is to first separate axisym-
metric (m, 0) and non-axisymmetric (m,n 6= 0) modes. This can be done by two
displacement measurements on the radiating face. The first measurement should be
taken as close to the centre of the plate as possible. The second measurement is
taken o↵-centre. Since non-axisymmetric modes have a nodal diameter, there will
be no or very little contribution from these modes in the frequency spectrum from
the first measurement. These modes are however likely to show up in the frequency
spectrum from the displacement signal that was taken o↵-centre. By comparing the
spectra from the two measurements the axisymmetric and non-axisymmetric modes
can be distinguished.
The o↵-centre spectrum can also be compared to the frequency spectrum
from a corresponding axisymmetric FE model. Since the model itself is axisymmetric
only axisymmetric modes will appear in the model results. This method only works
if there is good agreement between the FE model and experiments.
Figure 4.9: Frequency spectra from the front face of the aluminium cap, excited
by non-contact methods.
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The frequency spectra from a centre displacement measurement, an o↵-centre
measurement and from the FE model are shown in Fig. 4.9. It can be noted that a
peak at ⇠ 100 kHz does not appear in the FE model and is larger in the o↵-centre
measurement compared to the centre measurement, which clearly identifies this as
a non-axisymmetric mode. It can therefore be identified as the (0,1) mode, which
has a theoretical frequency band 86 kHz< f < 129 kHz. Similarly the (1,1) mode
was identified at f1,1 = 285 kHz. One interesting feature of the spectra that was
not immediately apparent in Fig. 4.8b is the three closely spaced peaks [(1,0)a,b,c],
which were present in both the simulated and experimental data, but does not
emerge from the theoretical model. The lowest frequency peak of the three is in
the correct range for the (0,2) mode but the FE model rules this out, since it only
shows axisymmetric contributions to the spectrum.
Figure 4.10: Experimental mode shapes from the passive aluminium layer with
labeled mode numbers. The mode shapes of (1,0)a and (1,0)c are not shown,
but both looked similar to the mode shape of (1,0)b.
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The middle peak at ⇠ 180 kHz, is roughly were the (1,0) mode is expected
to occur, from equation (3.16). Hence, these modes are referred to as (1,0)a, (1,0)b
and (1,0)c respectively in order of increasing frequency.
As explained in §2.2 the shapes of several modes can be experimentally found
from a single area scan of displacement, by using a broadband excitation pulse and
then applying a digital, narrowband frequency filter corresponding to the mode of
interest. The displacement of the front face of the aluminium cap was measured
using the Polytec laser vibrometer as shown in Fig. 2.2. Fig. 4.10 shows the mode
shapes of of modes (0,0), (0,1), (1,0)b and (1,1). The correspondence to the theo-
retical mode shapes that were calculated and shown in Fig. 3.3 is apparent.
(a) (1,0)a (b) (1,0)b
(c) (1,0)c
Figure 4.11: Experimental, normalised, mode shapes of the split (1,0) mode of
the aluminium cap as a function of dimensionless radius (⇤), compared with
the theoretical mode shape (—) calculated for di↵erent values of plate radius
a, from equation (3.11). (a) mode (1,0)a at 160 kHz with a = 5.5 mm, (b)
mode (1,0)b at 180 kHz with a = 5.0 mm, and (c) mode (1,0)c at 210 kHz with
a = 4.5 mm.
Fig. 4.11 shows the normalised maximum amplitude of each point of the
area scan plotted against the radial distance from the centre of that point for the
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split (1,0) mode. The radial distance is taken as r/a, where a represents the plate
radius. The value of a has been adjusted for the theoretical mode shapes in the
three plots to make the fit to the experimental data better. For (1,0)a a = 5.5 mm,
which is also equal to the outer radius of the cap. For (1,0)b a = 5.0 mm and for
(1,0)c a = 4.5 mm, the latter of which corresponds to the inner radius of the cap.
The relative amplitude of the outer antinode (at a radial distance of approximately
3 mm) to the centre antinode also changes.
The vertical spread of the experimental data for a given value of r indicates
how axisymmetric the mode is. If points on the surface with the same radial distance
from the centre have di↵erent amplitudes than the vertical spread increases. In the
limit of a perfectly axisymmetric mode, the spread would be zero along the mode
shape. Hence, it is seen that both (1,0)a and (1,0)c are picking up contributions
from non-axisymmetric vibrations. Since the FE model is inherently axisymmetric,
this could not be observed in the simulated data. A reasonable explanation for
this spread comes from the proximity of (1,0)a to the (0,2) mode, and the prox-
imity of (1,0)c to the (0,3) mode, as seen in Table 3.1. Both (0,2) and (0,3) are
non-axisymmetric modes, and would therefore have large vertical spreads, as many
di↵erent amplitudes would be sampled for any given radial distance. Overall the
(1,0)b shows the best adherence to the theoretical (1,0) edge clamped plate mode.
4.4.3 Aluminium Cap with f0,0 ' 150 kHz
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Figure 4.12: (a) Fundamental frequency of 32 individual aluminium caps
(h = 0.5 mm, r = 2.5 mm, R = 3.5 mm) without piezoelectric elements, from
laser characterisation. (b) Frequency histogram of the fundamental frequency
distribution of the caps.
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As mentioned previously consistency is both important and di cult to achieve
for flexural systems. Fig. 4.12 shows the fundamental frequency of 32 individual
aluminium caps with the same nominal dimensions: h = 0.5 mm, r = 2.5 mm,
R = 3.5 mm and L = 4 mm.
The measured fundamental mode frequency covers a range of about 70 kHz,
which is 46% of the average mode frequency. The theoretical frequency band for
this transducer was 103 kHz< f < 201 kHz, and though the average mode frequency
is within this range, the spread is too large to make any significant comparisons to
the theory. If the dimensions of the individual caps had been identical, then the
fundamental frequency would have taken a single value within the theoretical fre-
quency band, rather than spreading out between the upper and lower limits. From
the histogram, assuming there is no systematic manufacturing error in the machin-
ing process, the fundamental frequency associated with the nominal dimensions is
within the range 148 kHz to 156 kHz. FE methods confirmed this assumption, and
predicted a fundamental mode frequency of f0,0 = 149 kHz.
As the mode frequency scales with the  2m,n, which increases for higher modes,
the absolute value of the frequency shift becomes greater for higher frequency modes.
Similarly the theoretical frequency band increases for higher modes. The width of
the theoretical frequency band of the fundamental mode of the analysed cap is
98 kHz.
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Figure 4.13: (a) Frequency spectrum from a titanium cap (h = 0.25 mm,
r = 5.2 mm, R = 6.0 mm) with the first three resonance peaks with labeled
mode numbers. (b) Resonance peak positions of the modes (0,0), (0,1) and
(1,0) of a set of 14 titanium caps with the same nominal dimensions. Dotted
horizontal lines represent the mean frequency values for the respective modes.
Spectrum in (a) corresponds to the cap with index number 8 in (b).
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4.4.4 Titanium Cap with f0,0 = 22 kHz
Titanium caps with dimensions h = 0.25 mm, r = 5.2 mm, R = 6.0 mm and
L = 4 mm were tested. The caps were produced by an external manufacturer. In
comparison to the aluminium caps characterised in the previous section, the laser
generation and detection characterisation of a set of titanium caps showed good
consistency between caps, indicating a low tolerance on the dimensions. Fig. 4.13a
shows the frequency spectrum from one cap in a set of 14. Fig. 4.13b plots the
frequency of the three first peaks in the spectrum for each cap. The peaks were
later confirmed to correspond to modes (0,0), (0,1) and (1,0) in order of increasing
frequency.
The mean values and uncertainties are
f0,0 = (22.3± 0.5) kHz
f0,1 = (43± 1) kHz
f1,0 = (79± 2) kHz,
(4.9)
which fit into the theoretical frequency bands 17.5 kHz< f0,0 <23.2 kHz, 36.3 kHz<
f0,1 <48.3 kHz and 67.9 kHz< f1,0 <83.9 kHz respectively.
Figure 4.14: Frequency spectra from front face of titanium cap, excited by a
Nd:YAG laser.
Similar to the procedure for the aluminium cap, two displacement measure-
ments were made, one close to the centre of the cap and one o↵-centre. The corre-
sponding frequency spectra and the spectrum from FE methods are shown in Fig.
4.14.
The FE model predicts a slightly higher frequency for the (1,0) mode, but
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there is otherwise good agreement between the model and experiment. Again it
can be noted that the all non-axisymmetric modes (m,n 6= 0) are absent from the
results of the FE model, since the model is inherently axisymmetric.
4.4.5 Titanium Flexural Transducer
Piezoelectric flexural transducers were made using titanium caps described in §4.4.4,
by attaching a PZT5H piezoelectric disc to the inside of the caps as explained in §4.3.
In the first set of titanium transducers, a small disc with dimensions rpzt = 1.5 mm
and hpzt = 0.25 mm was used in order not to impede the flexural motion of the
passive layer. Frequency spectra from displacement measurements and from FE
simulations are shown in Fig. 4.15.
Figure 4.15: Frequency spectra from a titanium flexural transducer excited by
a broadband signal.
There are a couple of important features in the spectra that should be high-
lighted. The fundamental mode is negligibly small in the experimental data, but has
the greatest amplitude of the modes in the FE spectrum. This behaviour was not
predicted, as generally the fundamental mode was dominant in the results from the
caps, as seen in Figs. 4.13a and 4.14, although the (1,0) mode was observed signif-
icantly stronger in the commercial ProWave transducer in §4.4.1. Furthermore, so
far the FE models have produced results in good agreement with the experimental
results. The second thing to notice is that the (1,0) mode has shifted up in frequency
by ⇠ 10 kHz to 90 kHz. This was expected due to an e↵ective sti↵ening of the plate
due to the addition of the piezoelectric disc.
Surface displacement scans of the transducer front face were made to char-
acterise the mode shapes. The transducer was excited with a 3 cycle, 5 Vpp,
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Figure 4.16: Experimental mode shape of mode (1,0) of a titanium transducer
with piezoelectric disc dimensions rpzt = 1.5 mm and hpzt = 0.25 mm. (a)
Surface snapshot of displacement at time of maximum centre displacement. (b)
Peak-to-peak displacement of each point of the surface scan plotted as a function
of the radial distance from the centre of that point.
f = 89 kHz sine signal to look at mode (1,0). The results are presented in Fig.
4.16. The mode shape is similar to that of the commercial ProWave transducer (see
Fig. 4.7). However, the outer radius of the titanium transducer is under half that of
the ProWave transducer, which is why the frequency of the mode is higher. Com-
pared to the mode shape of the (1,0) mode of the passive layer without a piezoelectric
element, as seen in Figs. 4.11b and 4.10, the central peak is somewhat flattened,
and the amplitude of the outer antinode is greater. These e↵ects are explained by
the central sti↵ening and mass loading of the plate from the piezoelectric disc.
The transducer was also characterised using electrical impedance analysis,
as described in §2.3. The impedance of the transducer is shown in Fig. 4.17. The
frequency range was extended to 500 kHz, as the transducer exhibited interesting
behaviour at higher frequencies. Specifically, there are two large peaks in the phase
spectrum at 200 kHz and 320 kHz respectively.
The phase spectrum in Fig. 4.17b is particularly useful for finding the flex-
ural modes. Clearly the peak in the phase at 90 kHz corresponds to the flexural
mode (1,0). From later displacement scans the peaks at 200 kHz and 320 kHz were
identified as corresponding to modes (2,0) and (3,0) respectively (see Figs. 4.20 and
4.21). Away from resonance the impedance phase ' 90 , as expected for a piezo-
electric system. Similar to the spectrum from displacement data, the fundamental
mode has no significant impact on the impedance. Hence, the lack of the funda-
mental mode from the displacement data was not due to the particular excitation
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Figure 4.17: Electrical impedance (a) magnitude and (b) phase of a tita-
nium transducer with piezoelectric disc dimensions rpzt = 1.5 mm and hpzt =
0.25 mm.
method used, which will also a↵ect the prevalence of individual modes. It is seen
that axisymmetric modes are favoured in the impedance spectrum.
To check that the disappearance of the fundamental mode was not isolated
to one specific transducer, more titanium transducers with the same dimensions
were tested using the same methods. Fig. 4.18 shows the frequency spectra from
two other transducers. The spectra are in good agreement with each other, as well
as with the previous one in Fig. 4.17. They confirmed that the fundamental mode
was missing in general for this type of transducer.
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Figure 4.18: Electrical impedance (a) magnitude and (b) phase of two ti-
tanium transducers with piezoelectric disc dimensions rpzt = 1.5 mm and
hpzt = 0.25 mm.
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The amplitudes of the resonance peaks of the phase spectra di↵er between
the three transducers. It is not just a case of one transducer behaving di↵erently
to another. In Fig. 4.18 one transducer has significantly greater phase peak at
mode (1,0) around 90 kHz, whereas the amplitudes are comparable for mode (2,0).
This behaviour hints at inconsistency in assembly process of the transducers. Even
though the construction method described in §4.3 limited the variability between
transducers to a great extent, it did not eliminate it. Possible reasons and solutions
for this problem are discussed in the conclusions §4.5.
Frequency (kHz)
100 200 300 400 500
Im
pe
da
nc
e 
M
ag
ni
tu
de
 (k
Ω
)
0
5
10
15
(a)
Frequency (kHz)
100 200 300 400 500
Im
pe
da
nc
e 
Ph
as
e 
(°)
-90
-80
-70
-60
-50
(b)
Figure 4.19: Electrical impedance (a) magnitude and (b) phase of a titanium
transducer with a slightly o↵ centre piezoelectric disc.
An interesting observation was made in the impedance results from a trans-
ducer, which during assembly had its piezoelectric disc slightly displaced (< 1 mm)
from the centre. The impedance magnitude and phase are shown in Figs. 4.19a
and 4.19b respectively. As seen in the phase spectrum, the axisymmetric modes
(1,0), (2,0) and (3,0) have smaller amplitudes, whereas non-axisymmetric modes,
such as (1,1) at 115 kHz, have increased amplitudes. By not properly centering the
piezoelectric disc, asymmetry is added to the system, which unsurprisingly increases
non-axisymmetric behaviour of the transducer.
The experimental mode shapes of modes (2,0) and (3,0) are shown in Figs.
4.20 and 4.21. The scan of mode (2,0) was obtained by exciting the transducer with a
3 cycle, 5 Vpp, 197 kHz sine signal. Mode (3,0) was less prevalent in the displacement
data, and exciting the transducer with a short sine burst with frequency f3,0 did not
produce a clean mode. Instead a superposition of mode (1,0), (2,0) and (3,0) was
obtained. Hence the scan data presented in Fig. 4.21 was obtained from exciting
the transducer with a 50 cycle, 2 Vpp, 321 kHz sine wave. This is one of the reasons
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Figure 4.20: Experimental mode shape of mode (2,0) of a titanium transducer
with piezoelectric disc dimensions rpzt = 1.5 mm and hpzt = 0.25 mm. (a)
Surface snapshot of displacement at time of maximum centre displacement. (b)
Peak-to-peak displacement of each point of the surface scan plotted as a function
of the radial distance from the centre of that point.
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Figure 4.21: Experimental mode shape of mode (3,0) of a titanium transducer
with piezoelectric disc dimensions rpzt = 1.5 mm and hpzt = 0.25 mm. (a)
Surface snapshot of displacement at time of maximum centre displacement. (b)
Peak-to-peak displacement of each point of the surface scan plotted as a function
of the radial distance from the centre of that point.
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the mode shape looks more symmetric and more consistent with the associated
theoretical clamped plate mode shape.
The e↵ect of the radius of the piezoelectric disc on the transducer perfor-
mance was investigated using FE methods. A model as was shown in Fig. 3.5 with
varying piezoelectric radius rpzt was made. Fig. 4.22 shows how the central displace-
ment amplitude of modes (0,0) and (1,0) of the transducer varies with piezoelectric
disc radius.
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Figure 4.22: Maximum displacement of the centre of the front face of a titanium
transducer plotted against the radius of the piezoelectric element from the FE
model, for (a) mode (0,0) and (b) mode (1,0).
In general the displacement amplitude increases with increasing radius. This
was expected since a larger disc increases the overall amount of active material as
well as the capacitance of the device. The e↵ect is however non-linear and depends
on both the dimensions of the passive layer and the specific mode shape that is
being excited. The amplitude of the fundamental mode increases continuously with
increasing radius rpzt < r, i.e. until the disc radius equals the inner radius of the cap,
where the amplitude drops. The (1,0) mode on the other hand has an increasing
amplitude in the region rpzt < 3 mm, followed by a drop for 3 mm < rpzt < 4 mm.
The amplitude then rises again until the disc radius equals the inner radius of the
cap where there is a sharp drop. This behaviour is explained by referring back to the
specific mode shapes of the (0,0) and (1,0) modes, which reveals that the value of
rpzt that produces maximum amplitude of the (1,0) mode coincides with the radial
distance to the outer antinode. From the thin plate theory (see §3.1) the position
of the outer antinode of mode (1,0) is at 0.61a, which for the titanium transducer
gives 0.61r = 3.2 mm. This is the largest radius of the piezoelectric disc without
the disc having to bend back on itself, which is very energy costly, which explains
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why the amplitude drops for larger radii even though the active region increases and
the voltage is kept constant. This e↵ect is absent for the (0,0) mode since it has
no outer antinode, i.e. the whole front face is in phase. The drop in amplitude that
occurs for both modes at rpzt = r occurs because the sides of the cap restrain the
lateral motion of the piezoelectric disc, and hence limits the strain exerted on the
passive layer to cause flexing.
Since the piezoelectric discs used so far had rpzt = 1.5 mm, which has a
relatively small amplitude according to the FE results, large improvements could
be expected by optimising the radius of the discs used. Because the transducers
were made to operate in the (1,0) mode, PZT5H discs with dimensions rpzt = 3 mm
and hpzt = 0.25 mm were used to make a new set of titanium transducers. The
impedance of one transducer is shown in Fig. 4.23.
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Figure 4.23: Electrical impedance (a) magnitude and (b) phase of a tita-
nium transducer with piezoelectric disc dimensions rpzt = 3.0 mm and hpzt =
0.25 mm.
The fundamental mode is around 20 kHz and the (1,0) mode has been shifted
up further in the spectrum to f1,0 ' 100 kHz. The increased size of the piezoelectric
element reduced the phase peaks of higher modes (2,0) and (3,0) significantly, which
is why the spectrum range has been limited to 120 kHz.
Fig. 4.24 shows the mode shape of a transducer, that was excited by a 3
cycle, 5 Vpp, 100 kHz sine signal. The mode shape should be compared to that of
the previous set of transducers in Fig. 4.16. The overall displacement amplitude has
increased by about a factor of two. The increase is not as great as suggested by the
FE results, which predicted an increase by a factor of three (from 100 nm to 300 nm
as seen in Fig. 4.22b). The centre peak is sharper, because the piezoelectric element
extends further inside the cap, and the mode shape looks more like the theoretical
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W1,0(r). There is a local spike along the outer antinode, which is seen in both Figs.
4.24a and 4.24b, but the outer antinode is otherwise lower, relative to the central
peak.
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Figure 4.24: Experimental mode shape of mode (1,0) of a titanium transducer
with piezoelectric disc dimensions rpzt = 3.0 mm and hpzt = 0.25 mm. (a)
Surface snapshot of displacement at time of maximum centre displacement. (b)
Peak-to-peak displacement of each point of the surface scan plotted as a function
of the radial distance from the centre of that point.
The pressure output from the transducer was measured with an acoustic
microphone (details of setup were given in §2), and is displayed together with the
associated frequency spectrum in Fig. 4.25. The transducer was excited by a 3 cycle,
10 Vpp, 100 kHz sine signal. The frequency was chosen because it was close to the
(1,0) mode in the transducers, even though each transducer had a slightly di↵erent
resonance frequency. The microphone was put 24 cm from the transducer front face.
The frequency bandwidth FWHM' 15 kHz or 15% of the centre frequency. The
bandwidth can be improved by reducing the number of excitation cycles at the cost
of pressure amplitude. Inversely, if the bandwidth is of less importance the number
of cycles can be increased to get higher pressure levels. Fig. 4.26 shows the pressure
output from another titanium transducer from the same set that was excited by a
50 cycle, 10 Vpp, 97 kHz (at resonance) sine signal. The transducer was driven at
resonance to see the maximum output when using many cycles.
The pressure amplitude is over 20 Pa or 120 dB sound pressure level (SPL).
This is one advantage of using a resonating system, where the amplitude can be
controlled not only by the excitation voltage but also by the number of cycles. Being
able to keep the voltage low is beneficial to applications concerned with intrinsic
safety, such as flow metering.
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In essence, an e↵ective 100 kHz titanium flexural transducer has been made.
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Figure 4.25: (a) Pressure 24 cm from source and (b) associated frequency spec-
trum, from a titanium transducer excited by a 3 cycle, 10 Vpp, 100 kHz sinu-
soidal signal
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Figure 4.26: Pressure output 24 cm from front face of titanium transducer,
excited by a 50 cycle, 10 Vpp, 97 kHz sine signal.
4.4.6 Flexural Phased Array Transducer
The construction method described in §4.3.1 was used to build a first flexural trans-
ducer array. Array elements are referred to by element number (p, q), where p is the
row and q the column of the element starting from (0, 0) in the upper left corner of
the array. Hence, the central element is referred to as element (1,1) in this 3 ⇥ 3
array. To avoid confusion with mode numbering (m,n) it will always be made clear
when the number refers to an element or a vibration mode. A condensed report on
the flexural array transducer is found in the conference paper [73] (reproduced in
Appendix A). The array has a pitch d = 12.4 mm, kerf k = 2 mm. The layout with
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labeled dimensions are shown in Fig. 4.27. The plate used was a 50⇥ 50⇥ 0.25 mm
stainless steel shim. The piezoelectric elements were the same PZT5H discs used
for the titanium transducers in the previous section, with radius rpzt = 3.0 mm and
thickness hpzt = 0.25 mm. Hence, for each individual element, the piezoelectric disc,
the inner radius and plate thickness were the same as for the titanium transducers
in §4.4.5.
Figure 4.27: Bottom view schematic diagram of flexural array transducer.
The dimensions of the array elements were chosen to produce similar be-
haviour to the titanium transducers, so that the behaviour and performance of
individual elements could readily be compared to the behaviour and performance of
single element flexural transducers. If the ba✏e bonded to the stainless steel plate
provides su cient isolation between array elements, each element should behave like
a single element flexural transducer. On the other hand, if there is insu cient isola-
tion the whole plate will vibrate at a much lower frequency, and individual elements
will not be well defined. Consequently, if the array works as intended the array
elements will use the (1,0) vibration mode, like the flexural titanium transducers.
In general it might be better to use the fundamental mode for flexural arrays, since
it has a simpler output beam profile.
When the transducer is operated at 100 kHz, which is close to the (1,0)
mode frequency of the titanium transducers, the ultrasound wavelength in air is
3.4 mm. Then d >  /2, which makes grating lobes unavoidable. The transducer
would therefore not be suitable for imaging applications. In general, because of
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the relation between frequency and plate radius f / 1/a2 from equation (3.16),
it is not possible to make a flexural array which passes the  /2 criterion. As the
element size is reduced to reduce the pitch, the frequency increases and   becomes
smaller. Recent research into a smart aperture waveguide for a di↵erent kind of
flexural transducer array, in order to achieve pitch d <  /2, can be found in the
literature [74].
An in-house built low frequency phased array controller was used to drive
the transducer. Fig. 4.28a shows the pressure signal 40 cm from the centre element,
when excited alone by a 100 kHz, 3 cycle square wave. The excitation voltage
amplitude was set to 2% of the maximum output, which is approximately 10 V.
The element pressure output measured ' 1.1 Pa in amplitude, which is su cient
and suitable for sensor type applications. Fig. 4.28b shows the associated frequency
spectrum.
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Figure 4.28: (a) Pressure output 40 cm from centre element, excited by a 3
cycle, ⇠20 Vpp, 100 kHz square wave. (b) The associated frequency spectrum.
The spectrum gives a first indication that the array element behaves like a
flexural transducer with a radius defined by the ba✏e, i.e. r = 5.2 mm. There is
significant magnitude between 90 kHz and 100 kHz, which is the region where the
(1,0) mode is expected. Also, there is a small low frequency contribution at just
above 20 kHz, which is where the fundamental mode is expected to be found. The
(1,0) frequency peak is not as clean as those seen in the single element transducers
(e.g. in Fig. 4.25), which is due to the more complex structure and interactions with
neighbouring array elements.
Fig. 4.29a shows the pressure along the central line 40 cm from the trans-
ducer when all transducer elements are used in phase, and Fig. 4.29b plots the
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maximum pressure amplitude at the same point in space (on the central line) from
each individual element.
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Figure 4.29: (a) Pressure output 40 cm from transducer, when all elements are
excited. (b) The maximum pressure amplitude from each individual element.
The pulse shape is similar to that from the centre element in Fig. 4.28a.
The amplitude from the transducer array is 4 Pa, which is lower than the sum of
the individual element amplitudes, because of the di↵erent path lengths and to the
measurement point. For constructive interference the central element would have
to be delayed with respect to the outer elements by the time corresponding to the
di↵erence in path length, in accordance with equation (1.48). From Fig. 4.29b it
is seen that the elements have similar output amplitudes, except for element (2,2),
which has a significantly lower output.
To confirm that the excited mode around 100 kHz is the (1,0) mode, and to
see the extent to which the element is contained within the limits of the ba✏e, a
time resolved displacement scan of the array front face was done. Fig. 4.30 shows
the maximum displacement of the array as the central element was excited. The
element was excited by a 3 cycle sinusoidal signal at 100 kHz and 5 Vpp.
From the figures it is seen that the displacement is mostly constrained to
the area defined by the ba✏e, and that the vibration mode has one nodal radius
indicative of the (1,0) mode shape. When comparing Fig. 4.30b to the results from
the single element transducer in Fig. 4.16b, it is seen that the apparent element size
of the array element is larger, with a radius approximately 1.5 mm greater. The
vertical spread is relatively large close to the edge of the element, which indicates a
loss of symmetry in that region. The displacement amplitude of the single element
transducer is greater than that of the array element, which is partly explained by
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Figure 4.30: Maximum front face displacement of flexural array transducer
when the centre element is excited. (a) Surface plot covering all elements and
(b) maximum displacement as a function of radial distance from centre focused
on the centre elements.
the use of stainless steel in the array instead of titanium. The resonance frequency is
also lower for the array element, because of the extended radius of the mode shape,
which means that the transducer was driven slightly o↵-resonance.
The mechanical crosstalk between elements was evaluated by measuring the
displacement of neighbouring elements with a laser vibrometer. Significant mechan-
ical cross talk, with displacement amplitudes of neighbouring, inactive elements,
reaching -12 dB was observed. Fig. 4.31 shows the transient displacement signals
from the centre of three separate elements, when one of them was being excited.
The signals are labeled with their respective element numbers.
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Figure 4.31: Centre displacement signal from three elements, when the centre
element (1,1) is excited, showing the level of mechanical crosstalk.
Fig. 4.32 shows the maximum displacement of the array, when all elements
are driven in phase with the phased array controller. All elements were excited with
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a 3 cycle, 100 kHz, square wave, with 0.5% pulser amplitude The results indicate
that there is good consistency between most of the elements. Element (2,2), in
the lower right corner, is less well defined than the others, and surrounded by high
displacement peaks that are not part of the (1,0) vibration mode. This is due to
locally weak bonding between the ba✏e and the steel plate. The high displacement
peaks around this element are associated with areas of visible, trapped air in the
bond layer. Hence it can be concluded that bond strength and consistency are
important for the performance of the individual elements and of the array as a
whole.
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Figure 4.32: Maximum front face displacement of flexural array transducer when
all elements are excited in phase.
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Figure 4.33: Instantaneous front face displacement of the flexural array when
phased to produce a 5 degree steering angle.
Some initial steering tests by phasing the array were carried out. Fig. 4.33
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shows a snapshot of the array displacement, when the elements were phased to
produce 5 degree steering. The maximum pressure amplitude could successfully be
shifted o↵-centre by small angles, but large grating lobes were present. This was
expected given the relatively large element spacing, and the small number of array
elements.
4.5 Conclusions from Piezoelectric Flexurals
The characterisation of the passive component of the flexural transducer system
showed that there is good agreement between the theoretical model for an edge
clamped plate and a cap with equivalent dimensions. Since the cap has an inner
radius r and outer radius R it was useful to define an upper and lower limit for
the frequency of any particular mode. This provided a theoretical frequency band
for each mode, within which that mode was expected to appear experimentally.
The band increases with increasing mode number and is therefore most useful in
predicting low frequency modes. The tolerance on the dimensions of a cap is quite
low for producing consistent frequency behaviour.
The aluminium cap investigated in §4.4.2 had a fundamental mode frequency
f0,0 = 50 kHz, which is within the theoretical frequency band 41 kHz< f0,0 <62 kHz.
Two modes at 160 kHz and 210 kHz respectively, as seen in Fig. 4.9, were identified
as variations of the (1,0) mode, since they both were mostly axisymmetric and had
one nodal radius. From Fig. 4.11 it is seen that mode (1,0)b is in best agreement
with the theoretical mode shape. It was theorised that the slight non-axisymmetric
contribution to the other two nodes (1,0)a and (1,0)c were due to the vicinity of
non-axisymmetric modes (0,2) and (0,3) respectively.
Because of the large frequency discrepancy between the small aluminium
caps reported in §4.4.3 they were not used to make transducers. It should also be
noted that because of the small radius r = 2.5 mm, which was chosen to produce a
high frequency fundamental mode, the plate ratio a/h ⇠ 6 puts the cap just outside
the range of a thin plate as defined in §3.1. Hence the assumptions that are used
to derive the plate equation (3.1) and subsequently equations (3.10) and (3.16) for
the mode shapes and mode frequencies respectively, are not valid.
The set of titanium caps investigated in §4.4.4 was shown to have mode
frequencies all within the theoretical frequency bands. It is therefore reasonable
to use the thin, circular plate with clamped edge model to describe the flexural
vibrations of the cap. The consistency and predictability of the cap results were two
of the main reasons most of the subsequent transducer development was done using
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these caps as the passive layer. Another reason was the frequency of the (1,0) mode
f1,0 = 80 kHz, which is twice that of the commercial ProWave transducer that was
analysed in §4.4.1. By using this mode, a flexural transducer sensor with a higher
frequency than currently exists could be developed and characterised.
The first set of titanium transducers, using a piezoelectric element with a
radius of 1.5 mm, had an operating frequency of 90 kHz corresponding to the (1,0)
mode. The displacement of the (2,0) mode is roughly half that of the (1,0) mode for
the same input voltage. Though this is significantly less it is quite possible to use
this mode for higher frequency applications, where the frequency increase is more
important than the loss of power e ciency. Similar arguments could be made for
mode (3,0) at 320 kHz, but because this mode was harder to excite, requiring more
cycles in the excitation signal, it also puts limits on the time resolution of the signal.
The mode shape of the transducer operating at 90 kHz showed a flattening
of the central peak, compared to the theoretical mode shape. Hence, it can be said
that the addition of a piezoelectric disc will have an e↵ect on both mode shape
and mode frequency. The size of this e↵ect will depend on the relative dimensions
of the piezoelectric disc to the dimensions of the plate. The commercial ProWave
transducer showed less e↵ect from the piezoelectric element, because the passive
layer had significantly greater radius and thickness.
FE methods revealed that the optimal radius of the piezoelectric element
for the titanium transducer using the (1,0) mode for transduction was ⇠ 3 mm.
A second set with these larger piezoelectric discs was made. The set showed an
increased displacement amplitude and a large pressure output. Since the flexural
transducer is a resonant system, the output pressure can be increased by increasing
the number of cycles in the excitation signal, until the rate of energy loss equals the
input and a continuous wave (CW) pressure signal is obtained.
The individual variance between nominally identical transducers is a result
of the assembly process and especially of the bonding of the piezoelectric element.
As was previously noted, the mode frequencies are sensitive to the dimensions of the
passive layer, and the piezoelectric disc can be thought of as changing the e↵ective
thickness and sti↵ness of the cap. Hence, the thickness of the bond layer, which is
di cult to precisely control and check, becomes important for consistent transducer
behaviour. More work could also be done on the bonding material itself.
The narrow bandwidth combined with the fine dependence upon dimensions
and manufacturing makes piezoelectric flexural transducers di cult to match, which
makes them more suited to pulse-echo applications rather than transmit-receive.
A new type of flexural ultrasound array was presented in §4.4.6. By using a
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single plate of metal, with individual flexural elements specified by a ba✏e bonded
to the pack of the plate, a robust easy to manufacture transducer array was made.
Each element behaved similar to a single element transducer with a thickness h
equal to the thickness of the plate, and an inner radius r slightly larger than the
radius of the holes in the ba✏e. This was the important proof of concept. Most
array elements showed good consistency except for element (2,2), which can be seen
in Figs. 4.29b and 4.32. The reason was discovered to be regions of debonding
and air inclusions in the bond layer around element (2,2). Using phasing to steer
the ultrasound beam by small angles was demonstrated, but for good results more
elements and smaller elements are needed.
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Chapter 5
Electrodynamic Flexural
Transducers
A current carrying coil, for actuating the passive metal layer of a flexural transducer,
was first used as an alternative non-contact method for characterising the cap before
introducing the piezoelectric element and assembling the transducer. Because the
coil does not touch (load) the plate, similar results to those from laser generation
(§2.1) were expected. However, displacements much greater than those produced
by the pulsed Nd:YAG laser beam source were observed, and so came the idea
of building an electrodynamic flexural transducer (EDFT). In essence the EDFT
uses the flexural vibration modes of a thin plate for coupling to air, or other low
impedance media, combined with non-contact, electromagnetic generation. Apart
from the novelty of the EDFT itself there are several other reasons for exploring
such a device:
1. Since no piezoelectric materials are used the transducer has potential appli-
cations at elevated temperatures above the Curie temperature (TC) of piezo-
electric materials.
2. The design with the metal front makes the transducer more robust than al-
ternative PZT-free designs, such as the electrostatic transducers described in
§1.2.4.
3. The easily reconfigurable shape of the generation coil makes new design ge-
ometries of the transducers possible.
Fig. 5.1 shows a schematic diagram of the first EDFT design that was tested.
In essence, the same type of aluminium cap was used as with the piezoelectric flexural
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transducers (§4.4.2), but with the piezoceramic disc replaced by a spiral coil as the
active element. Some initial results on mode frequencies and shapes with comparison
to FE are presented in the conference paper [75] (reproduced in Appendix A). In
this first paper, only generation of ultrasound waves was reported, as attempts to
use the EDFT as a detector had failed. Further development has since produced
new improved designs of EDFTs both for generation and reception of ultrasound
waves[76].
Figure 5.1: Schematic diagram of a crossection of an early EDFT design.
Although EDFTs are a new type of transducer, the electromagnetic cou-
pling of ultrasound into a conductive sample is a well known procedure in the NDE
community. It is hence that in the following section, when discussing the electro-
magnetic principles, references will be made to research on electromagnetic acoustic
transducers (EMATs)[77, 78] as well as general eddy current technology[79].
5.1 Electromagnetic Coupling
This section outlines the underlying electromagnetic interactions of the EDFT that
couple the electromagnetic energy to mechanical vibrations in the front face of the
transducer. The fundamental equations describing electromagnetic behaviour are
Maxwell’s equations[80], which expressed in di↵erential form are
r ·E = ⇢e✏ (5.1)
r ·B = 0 (5.2)
r⇥E =  @B
@t
(5.3)
r⇥B = µJ + µ⇢e@E
@t
, (5.4)
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where E and B are the electric and magnetic fields respectively, ⇢e is the (free)
electric charge density, ✏ is the electric permittivity (✏ = ✏r✏0), µ is the magnetic
permeability (µ = µrµ0), and J is the (free) current density. When analysing electric
and magnetic fields in a sample it is useful to introduce the electric displacement D
and magnetic field strength H, which are given by the constitutive relations
D = ✏E (5.5)
H =
B
µ
. (5.6)
Using the constitutive relations equations (5.1) and (5.4) can be written as
r ·D = ⇢e (5.7)
r⇥H = J + @D
@t
, (5.8)
which together with equations (5.2) and (5.3) are referred to as Maxwell’s equations
in a material.
The time varying current in the transducer coil induces a magnetic field,
which penetrates into the plate, and in turn induces an electric field in the plate in
accordance with Faraday’s law expressed in equation (5.3). The electric field induces
an eddy current JE , by accelerating the free electrons in the plate[79, 81, 82]. The
current density due to the electric field in a sample with conductance   is given by
Ohm’s law[6]
J =  E. (5.9)
It should be noted that the electric field exerts forces on both positive and negative
charges in the plate, but the ions are heavier, restrained in space by lattice bonds,
and shielded by electrons, and will therefore not contribute to the current.
The eddy current in the plate is in such a direction that it induces a magnetic
field that opposes the original field that caused the current, in accordance with Lenz’s
law[6]. This limits the penetration depth of the electromagnetic fields into the plate.
The depth of penetration is described by the electromagnetic skin-depth  [83]
  =
r
2
µ! 
, (5.10)
which is the depth at which the field strength drops to 1/e of its original value.
The higher the frequency of the coil current the smaller the penetration depth. The
electromagnetic skin-depth of aluminium at 50 kHz is 0.37 mm, which is similar to
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the plate thickness h used in flexural transducers. The electric field in the plate can
be expressed as a plane wave, which decays with depth with decay constant  [80]
E = E0e
i(!t  z  )e 
z
  . (5.11)
This gives an expression for the current density by using equation (5.9)
J = J0e
i(!t  z  )e 
z
  , (5.12)
where J0 =  E0. From equation (5.12) it is seen how both the amplitude and the
phase of the eddy current changes with depth. It is common practice in NDT and
other applications to assume that the sample width is greater than the skin-depth,
in which case the eddy current can be approximated by a single current at the
surface with a phase lag of ⇡/4. However, for the thin plates and low frequencies
considered for EDFTs this is not a valid approximation. For a very thin plate
or very low frequency, such that   >> h, the phase of the eddy current does not
change significantly throughout the plate and can be assumed constant. However,
the EDFTs considered in this work have   ⇡ h, which means the problem has to
be treated in full without simplifications[84]. Fig. 5.2 shows how the eddy current
amplitude and phase change throughout the depth of a 0.5 mm thick aluminium
plate.
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Figure 5.2: (a) Normalised magnitude and (b) phase delay of an eddy current
J at frequency f = 50 kHz, as a function of depth in an aluminium sample.
The lift-o↵, i.e. the distance between the coil and the conductive sample, af-
fects the generation current as the equivalent inductance of the system changes[85].
This in turn a↵ects the amplitude and frequency of the eddy current, and subse-
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quently of the ultrasonic waves in the plate. In general both the amplitude and
frequency of the eddy current JE decrease with increased lift-o↵. The shape of the
coil, the size and the number of turns determine how sensitive the system is to
changes in lift-o↵.
Figure 5.3: Working mechanism of an EMAT on an aluminium sample. fL,d is
the Lorentz force due to the dynamic magnetic field and fL,s the Lorentz force
from the static magnetic field.
The force on the eddy current from the magnetic fields is the Lorentz force[80]
F = qE + J ⇥B. (5.13)
In EMAT’s and EDFTs alike the electric field E can be ignored. The magnetic field
B can be divided into a static field term Bs from a permanent magnet and dynamic
field term Bd induced by the current in the generation coil:
B = Bs +Bd. (5.14)
Generally speaking, three mechanisms are responsible for the electro-acoustic trans-
duction of EMATs: the Lorentz force, the magnetostrictive force and the magnetiza-
tion force[86]. The electrodynamic coupling to the front face of the EDFT is via the
Lorentz mechanism in this case, as is often the dominant coupling mechanism with
EMATs. The generation process of an EMAT on an aluminium plate is illustrated
in Figure 5.3. When an alternating current Jc travels through the coil, a dynamic
magnetic field Bd is generated in the electromagnetic skin depth of the aluminium
plate. The time varying magnetic field induces an eddy current JE within the skin
depth of the plate, and the electrons that constitute this eddy current experience
Lorentz forces fL,d and fL,s, when the eddy current JE interacts with the dynamic
magnetic field Bd from the EMAT coil and the static magnetic field Bs from the
magnet. The directions of these forces are shown in Figure 5.3. The electrons that
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experience these Lorentz forces scatter o↵ the atoms, exchanging momentum with
the atoms. This in turn gives rise to the coherent motion of the aluminium atoms,
leading to the generation of an ultrasonic wave. The resultant wave modes are deter-
mined by the configurations and the parameters of the EMAT and the dimensions
and the material properties of the plate.
In the detection process, when the atoms and free electrons in the metal
move due to the displacement associated with an ultrasonic wave, the free electrons
with energy above the Fermi level will experience a Lorentz force in the presence of
a magnetic field. These electrons constitute a current that will generate a magnetic
field, which when within the electromagnetic skin depth of the surface will produce a
magnetic field external to the sample that can induce an electromotive force (voltage)
on a suitably orientated detection coil[87]. This makes an EMAT, that operates as
a detector, a velocity sensor rather than a displacement sensor[88].
5.2 Design
From the theoretical analysis of electromagnetic coupling in the previous section
some design optimisations can be made. The coil lift-o↵ from the metal cap should
be minimised, in order to maximise energy transfer. A static magnetic field can
be used to enhance the dynamic field, as well as enable the transducer to receive
incoming ultrasonic waves. The direction of the static field is also important. It is
seen from equation (5.13) and Fig. 5.3 that in order to generate a transverse (out
of plane) Lorentz force from the static magnetic field, the field needs to have an in-
plane component at an angle to the mirror current. The maximum transverse force
on the plate is achieved when the static magnetic field is in-plane and perpendicular
to the eddy current. Since the eddy current mirrors the generation current from a
spiral coil, the static field should ideally be radial in the plane of the eddy current.
Because of the freedom of coil design[89] the possibility of alternative trans-
ducer geometries other than the circular cap can be explored. Specifically, an annular
plate, with an inner clamped boundary was considered. It is straightforward to make
a spiral coil with a hole at the centre, and by introducing a second boundary there
is more freedom in choosing aperture size, for a given resonance frequency. In order
to predict mode shapes and frequencies for an annular geometry the higher order
Bessel terms from solving the plate equations (3.8) and (3.9) have to be included,
which makes the expression more complicated, but still numerically solvable with
the two additional boundary conditions for the inner clamped edge. Using Matlab
to find the frequency roots of the clamped-clamped annular plate, the dimensions
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for the inner and outer boundary radii were chosen to give a fundamental mode
frequency of 50 kHz. The frequency was chosen to match the fundamental mode
frequency of the original aluminium cap, which was used to make the first EDFT.
Also, the attenuation for ultrasound waves with a frequency of 50 kHz is suitably
low for the transmission distances considered.
The three final designs, including the original aluminium cap EDFT, that
were investigated are shown schematically in Fig. 5.4. The transducers will hence-
forth be referred to as transducer A, B, and C respectively. Transducer A is a small
aperture circular cap EDFT, transducer B has an annular aluminium cap with a
ring magnet inside, and transducer C has a circular aluminium plate with a ring
magnet bonded to edges and a mild steel core forming an annular region. The three
transducer designs were first presented and compared in [90].
(a) Transducer A (b) Transducer B
(c) Transducer C
Figure 5.4: Schematic diagrams (not to scale) of the three EDFT designs in-
vestigated. The transducers are referred to in the text as (a) transducer A, (b)
transducer B and (c) transducer C respectively.
Transducer B has the same plate thickness h = 0.5 mm as transducer A. For
a circular flexural transducer, increasing the aperture size for a fixed plate thickness
would decrease the mode frequencies in accordance with equation (3.16). However,
an annular cap has, by virtue of its geometry, a clamped inner radius which can
also be varied to influence the mode frequencies. Hence, transducer B was made to
have a significantly larger active, radiating, area than transducer A, but with the
same fundamental mode frequency f0,0 = 50 kHz. Increasing the active area both
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increases the generation force because of the larger area covered by the generation
coil, and increases the output pressure which comes from the integral of displacement
across the radiating face as shown in equation (1.28).
(a) (b)
(c)
Figure 5.5: Axisymmetric schematic diagrams of (a) transducer A, (b) trans-
ducer B and (c) transducer C, with all dimensions in mm.
Fig. 5.5 shows axisymmetric diagrams of the three designs with all dimensions
in mm. The active area, defined as the area of the transducer covered by the
generation coil, for transducers A, B and C are 63.6 mm2, 436.9 mm2 and 172.8 mm2
respectively.
Transducer C was developed with the problem of receiving ultrasound in
mind. Transducer A and B, only use the fringe field of the magnets to sense incoming
waves. Transducer C, on the other hand, has the magnet placed such that a greater
component of the field lies in the plane of the front face, and the mild steel core
works to further direct the field into this plane. To improve the receive sensitivity
further, a thin 0.08 mm wire was chosen for the spiral coil. For a given magnetic
field the induced current in the coil is directly proportional to the number of turns
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in the coil. A thinner wire allows for a greater number of turns in a fixed area,
which hence increases the sensitivity of the transducer.
A downside of the design of transducer C is the introduction of a new bond
layer, which to some extent su↵ers from the same problems as the bond layer in the
conventional piezoelectric flexural transducers. Also because the magnet is now a
part of the housing of the transducer it cannot easily be replaced by an electromagnet
for truly high temperature applications. Another potential issue with transducer C
is that once it has been sealed with the steel core, the coil becomes inaccessible.
Should the transducer break it cannot easily be repaired.
5.3 Construction
Transducers A and B were made with caps machined by the Physics Department’s
mechanical workshop from aluminium rods. The mild steel core in transducer C
was similarly fashioned. The circular aluminium plate at the front of transducer C
was laser cut from a 0.25 mm aluminium sheet. The laser cutter was used because
it reduces the risk of bending or denting the plate, rather than a need for high
precision.
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Figure 5.6: Backlit photo of the transducer coils used in EDFTs A, B and C.
The spiral coils were wound by hand with 0.3 mm wire for transducers A
and B, and 0.08 mm wire for transducer C, using a 3D printed guide plate, and
enclosed in a single layer of Kapton tape. The Kapton tape helped to hold the
wire in place, but was not otherwise necessary, and was later removed from the
coil in transducer C. The guide plate fixed the outer diameter of the spiral coil.
The tape thickness is small, ⇠ 0.1 mm, and no e↵ect of the increased lift-o↵ was
apparent from measurement of the transducer output. Fig. 5.6 shows a photo of the
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three di↵erent spiral coils used in the three di↵erent designs. The photo also gives
an indication of the di↵erence in area of the transducer plates that is actuated in
the di↵erent designs. Two component epoxy Araldite 2014 was used to bond the
aluminium plate to the magnet and the steel core in transducer C.
5.4 Results from EDFTs
An in-house built EMAT pulser was used to drive the EDFTs. The pulser has a
high voltage low impedance output, optimised for driving the type of coils used in
EMATs. The current through a small 100 m⌦ resistor in series with the spiral coil
used in transducer A is shown in Fig. 5.7a. The frequency content of the current
pulse is shown in Fig. 5.7b. The current is roughly U-shaped with a peak-to-peak
amplitude of ⇠200 A. Pulsers with greater current amplitudes over 1 kA have been
used for EMAT applications[91], which suggests that if necessary the EDFTs could
be driven with a larger current to produce higher pressure amplitudes. However,
a large excitation current puts higher demand on the coil and requires a greater
wire thickness to be used. From the frequency spectrum it is seen that though the
pulser is not optimised for low frequencies, around 50 kHz, there is still a significant
amount of energy in this part of the spectrum.
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Figure 5.7: (a) Generation current pulse through a 100 m⌦ resistor in series
with the spiral coil in transducer A and (b) the associated frequency spectrum.
Large pressure amplitudes were observed ⇠ 31 cm and ⇠40 cm from the front
face of the transducers, as seen in Fig. 5.8. Transducer B (Fig. 5.8c) produced the
greatest peak pressure amplitudes around 45 Pa or SPL = 127 dB1. This is about
an order of magnitude greater than the pressure amplitudes from the other two
1Using a reference pressure of 20 µPa.
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Figure 5.8: Pressure signals from (a) transducer A, (c) transducer B and (e)
transducer C, measured with a broadband acoustic microphone. Transducers
A and B were located ⇠ 31 cm from the microphone, and transducer C was
located ⇠ 40 cm from the microphone. The associated normalised frequency
spectrum of each signal is shown in (b), (d) and (f) respectively.
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designs, which is largely due to the overall greater surface area of the front face of
transducer B. However, it is important to remember that the aperture of transducer
A cannot simply be increased, as this would reduce the resonance frequency. Hence,
by using the annular geometry greater flexibility in frequency and aperture size is
achieved, as the inner and outer radius can be varied separately to give a specific
resonance frequency. Transducer A (Fig. 5.8a) had a peak pressure amplitude of
5.6 Pa (SPL=109 dB) and transducer C (Fig. 5.8e) a peak pressure amplitude of
7.8 Pa (SPL=112 dB). These pressure amplitudes are su ciently high for sensor
type applications, and especially transducer B has an SPL high enough for NDT
applications.
The frequency spectra of the pressure signals are also shown in Fig. 5.8.
Similar to the piezoelectric flexural transducers the frequency bandwidths of the
EDFTs are small, due to the inherent resonance of the transducers. Transducer
B has a particularly long ring down ⇠1 ms, which gives it a narrow bandwidth
with FWHM=2 kHz (Fig. 5.8d). The centre frequency is also slightly higher than
the predicted 50 kHz at 52 kHz. Transducer A (Fig. 5.8b) and C (Fig. 5.8f) both
have shorter ring down times ⇠0.5 ms, and subsequently broader bandwidths with
FWHM=5 kHz. In general these transducers, like the piezoelectric flexural trans-
ducers, are not suitable for applications requiring a large range of frequencies to be
generated, but would be used in, for example, single mode excitations.
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Figure 5.9: Transient pressure signals from (a) transducer A and (b) transducer
B, with no permanent magnet ( ), with the magnet oriented so that the static
and dynamic fields add ( ), and with the magnet oriented so that the static
and dynamic fields oppose each other (+).
To investigate how the dynamic magnetic field Bd and the static magnetic
field Bs contributed individually to the actuating forces in the transducers, the
89
pressure was measured from transducers A and B without the permanent magnet.
Then the magnet was reinserted with switched polarity orientation and the pressure
measured again. Fig. 5.9 shows the initial pressure signals from transducers A and
B with three di↵erent magnet states. B0 denotes no static magnetic field, B+ refers
to the magnet orientation where the fields add up and B  is the opposite orientation
where the fields subtract.
From the figure it is clear that the main contribution to the Lorentz force
is the dynamic field Bd. Significant pressure amplitudes are measured without
any static field (B0), and by adding the magnet the amplitude can be increased
(B+) or decreased (B ). Compared to the zero field case B+ increases the initial
pressure amplitude by 26.5% and 25.8% for transducers A and B respectively. B 
decreases the amplitude compared to B0 by 36.0% and 19.2% for transducers A and
B respectively. The e↵ect of the magnet orientation compared to the zero field case
in decibels is summarised in Table 5.1.
Table 5.1: Pressure amplitude of transducers A and B for di↵erent magnet
polarities, relative to the zero field amplitude.
Transducer B+ (dB) B  (dB)
A 2.0 -3.9
B 2.0 -1.9
It is not obvious why the B  magnet orientation in transducer A produces the
largest change in amplitude. In the theoretical investigation of plate vibrations in
§3.1 only the transverse component of displacement was considered. In reality there
will be some coupling between vertical and radial displacement. It could therefore
be that the in-plane component of the Lorentz force from the B  field opposes the
radial displacement coupled to the transverse mode vibrations of the plate.
The measurements for B+ and B  were repeated by changing the direction
of the generation current while keeping the magnet orientation the same. The
behaviour was completely equivalent, as expected from equation (5.13). In both
figures, and especially Fig. 5.9b, a compression of the first wavelength of the signal
was seen. The first half period T/2 of the signal from transducer B has an associated
frequency f = 1/T ' 100 kHz, which is almost twice that of the resonance frequency.
As the transducer rings down, without being forced, the wavelength extends and
the frequency decreases to the fundamental mode frequency. This is partly because
of the high frequency content of the generation current, as seen in Fig. 5.7b, but
also because the Lorentz force from the dynamic magnetic field Bd has twice the
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frequency of the force from the static field Bs.
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Figure 5.10: Transient pressure signals from transducer C, for opposite current
directions in the generation coil.
The magnet could not be removed and its orientation not easily switched in
transducer C. Since the magnet is part of the housing (see Fig. 5.4c) that defines
the dimensions of the flexural plate the B0 case could not be tested. The pressure
signals for B+ and B  were however measured by reversing the direction of the
generation current. Fig. 5.10 shows the pressure signals from transducer C with the
two opposite current directions. Instead of a fractional change in the amplitude a
full 180  phase shift was observed. This means that the net Lorentz force changes
direction as the current changes direction, and the force contribution from the static
magnetic field Bs is dominant. This also results in a less compressed first period of
the signal, compared to transducers A and B, since the Lorentz force from the static
field has half the frequency of the force from the dynamic field. It is interesting
how di↵erent the transducers B and C behave in relation to the electromagnetic
coupling, given that the same magnet was used in both designs.
To test the detection sensitivity of each transducer a commercial air-coupled
ultrasound transducer (Airmar 50 kHz) was used as transmitter. The pressure signal
from the transducer, measured with the acoustic microphone, and the associated
frequency spectrum are shown in Fig. 5.11. The pressure amplitude is approximately
9 Pa, which is similar to the output from the transducers A and C (see Fig. 5.8). The
frequency is centred at 50 kHz with a FWHM = 6 kHz. Although the bandwidth is
narrow it covers the frequency range of the EDFTs.
The generating transducer was placed 40 cm from the receiving EDFT. The
receiver was connected to a standard 20 dB EMAT amplifier. Fig. 5.12 shows the
receive signals from the three EDFTs and the associated frequency spectra. Be-
cause of low SNR, the signals were averaged 128 times and frequency filtered with
a low pass filter (-3 dB at 300 kHz). The receive amplitudes for the transducers A,
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B and C are 0.6 mV, 1.1 mV and 1.6 mV respectively. The frequency spectra of
the transducers are similar, transducer A having a slightly smaller bandwidth. In
general, the bandwidth of the received signal is close to the bandwidth of the signal
generated by the Airmar transducer as measured with the acoustic microphone (see
Fig. 5.11b). Since flexural transducers are narrowband devices, this would not be
true for a broadband source. Transducers B and C do not accurately capture the
centre frequency of the Airmar transducer, which is overestimated by approximately
2 kHz. This is another consequence of using a resonant system, where the trans-
ducers will skew the received signal frequency towards their mode frequency. As
seen in the transmission data (Figure 5.8) both transducers B and C have a mode
frequency above 50 kHz, which explains the shift in centre frequency of the receive
signals.
Time (ms)
0.5 1 1.5 2 2.5
Pr
es
su
re
 (P
a)
-10
-5
0
5
10
(a)
Frequency (kHz)
30 40 50 60 70
N
or
m
al
ise
d 
M
ag
ni
tu
de
0
0.2
0.4
0.6
0.8
1
(b)
Figure 5.11: (a) Pressure signal from a 50 kHz Airmar transducer measured with
a broadband acoustic microphone and (b) the associated frequency spectrum.
The sensitivity of the EDFTs is not high, but is in line with what can be
expected from an EMAT receiver. Because low SNR is a well known problem in
some EMAT applications, there already exists a body of research into mitigating it.
SNR can be improved, as above, by averaging and frequency filtering. There are
also more advanced linear and non-linear filtering techniques using both finite and
infinite impulse response filters[92] and discrete wavelet transform methods[93]. A
comparison of the di↵erent de-noising procedures for EMATs can be found in[94],
where a 27 dB enhancement of SNR was reported for the wavelet transform method.
A transmit-receive experiment was made with transducers B and C. Trans-
ducer B was used as transmitter and transducer C as receiver, as they had the
greatest output amplitude and sensitivity respectively. Fig. 5.13 shows the receive
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Figure 5.12: Receive signals from (a) transducer A, (c) transducer B and (e)
transducer C. The associated normalised frequency spectrum of each signal is
shown in (b), (d) and (f) respectively.
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signal with 128 averages. The peak amplitude measures 30 mV, which is roughly
0.67 mV per pascal, using the value for peak pressure amplitude measured with the
acoustic microphone. This is a higher voltage per unit Pascal than in the previous
experiments with the Airmar transmitter, because of the greater number of cycles
in the wave produced by transducer B. Apart from the higher amplitude, the longer
ring down of transducer B causes greater resonance in the receiving transducer. The
signal was clearly measurable with a single shot SNR of 15 dB. This shows that the
EDFT system can be used for transmit-receive applications in air over a distance of
40 cm.
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Figure 5.13: Receive signal from transducer C with transducer B as transmitter
at a distance of 40 cm and with 128 averages.
To summarise and compare the results from the three di↵erent designs, Ta-
ble 5.2 gives for each transducer the active surface area (i.e. the area of the flexing
plate), SPL, centre frequency and sensitivity. The sensitivity is given as received
voltage per unit of acoustic pressure. The centre frequencies are taken from the
transmission measurements, as these were not influenced by the characteristics of
the commercial Airmar transducer.
Table 5.2: Summarised results from the three transducer designs.
Transducer Area (mm2) SPL (dB) Frequency (kHz) Sensitivity (mV/Pa)
A 63.6 109 48 0.07
B 436.9 127 52 0.12
C 172.8 112 51 0.18
5.4.1 Characterisation of Transducer C
Transducer C (Fig. 5.4c) was further characterised, because of its higher sensitivity
and more complex structure. Fig. 5.14 shows the front face velocity of the trans-
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ducer, measured using the laser scan setup outlined in §2.2. The increased noise at
r > 12 mm is due to the increased noise picked up by the vibrometer at the edge of
the transducer surface in the corners of the scan. The velocity was measured instead
of the displacement as the displacement amplitude was too great and saturated the
Polytec vibrometer. The transducer was excited with the same EMAT pulser that
was used in the previous section.
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Figure 5.14: (a) Surface velocity snapshot at maximum amplitude and (b) peak-
to-peak velocity of each point plotted against the radial distance away from the
centre of that point.
Spurious data points are apparent in both figures, and result from local loss of
signal strength from the Polytec due to surface roughness. The general mode shape
is however apparent, and clearly displays the fundamental mode of an annular plate,
with vibrations in phase across the whole radiating surface. From Fig. 5.14b it is
seen that the vibrations of the plate are well contained by the magnet and iron
core, between 3 mm and 8 mm. The whole area of the transducer front face is
significantly greater than the active area that generates the ultrasound wave. This
is one of the costs of the magnet placement in the design of transducer C, compared
to the other two designs. The ratio of active to overall front face area is 0.30, but
could be increased by using a larger magnet.
The front face velocity data was used to predict the transducer directivity.
The discretised Rayleigh integral (see equation (1.30)) was used as explained in
§1.1.3 to sum the pressure contribution from each area element (i.e. each point of
measurement) of the transducer surface. The pressure amplitude along a 180  arc
30 cm from the centre of the transducer front face is shown in Fig. 5.15. The direc-
tivity is not entirely symmetric, with a larger sidelobe on one side. The sidelobes
are found at  50  and 45  respectively. The amplitude does not go to zero at ±90 ,
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which could be an artefact of the discretisation of the Rayleigh integral, as was ob-
served for the plane piston in Fig. 1.5. The beam width of the main lobe is roughly
70 .
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Figure 5.15: Predicted far-field directivity of the EDFT, from the front face
velocity data.
The transmit directivity of the transducer was also measured experimentally,
using the setup outlined in §2.4 and Fig. 2.3. Fig. 5.16a shows the pressure amplitude
plotted against angle for a 180  horizontal sweep in 2  increments. The distance
between the centre of the transducer and the microphone was 30 cm. The transducer
has a main beam width of 70  and sidelobes at ±60 . The sidelobe level is between
 7 dB and  10 dB. This makes the transducer relatively directional, with little
potential interference from sidelobes.
(a) (b)
Figure 5.16: (a) Transmit directivity and (b) receive directivity of transducer
C.
Comparing the measured directivity to the predicted directivity displayed in
Fig. 5.15 shows some agreement. The width of the main lobe is accurately repre-
sented, and the sidelobe levels are similar, but the angles of the sidelobes are greater
in the measured data.
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The receive directivity of the transducer was also measured, and is shown
in Fig. 5.16b. The transducer was connected to an oscilloscope via an EMAT pre-
amplifier, and the microphone in the directivity setup was replaced by the 50 kHz
Airmar transducer (see Fig. 5.11). The main lobe is narrower in receive mode, with
a 60  beam width. The sidelobes are still located at approximately ±60 , with the
largest sidelobe having an amplitude of  8 dB.
5.5 Conclusions from EDFTs
The electrodynamic flexural transducer is a novel addition to the air-coupled ultra-
sonics family of transducers. Three di↵erent designs of 50 kHz EDFTs were shown
to work both for generating and receiving ultrasound waves in air.
Transducers A and B could both generate ultrasound waves in air without a
permanent magnet, relying only on the dynamic field Bd from the generation coil.
In fact, even with the static field, the contribution to the Lorentz force (equation
(5.13)) actuating the transducer was predominantly from the dynamic field. The
permanent magnet increased the pressure amplitude by about 2 dB. A stronger
magnet could increase the amplitude more, but a larger magnet would not fit inside
the housing. In transducer C the static field provided the main contribution to the
Lorentz force, as seen by the 180  phase shift in the pressure signal when the current
direction was reversed (Fig. 5.10). This fundamental di↵erence in the actuation of
transducers A and B compared to transducer C highlights the importance of the
magnetic field direction.
Because the EMAT pulser that was used produced a broadband output, the
resonance properties of the flexural system are not fully utilised. As was seen for
the piezoelectric flexural transducers in Chapter 4, the displacement amplitude and
output pressure increase significantly with additional driving cycles. Hence, it would
be reasonable to assume that the output could be enhanced by exciting the EDFTs
with a toneburst signal. Or alternatively, the amplitude could be kept constant and
the voltage of the pulser reduced.
Transducers B and C have an additional element of freedom in terms of
design. Assuming the availability of ring magnets with arbitrary size, the inner
and outer bounding radii of the annular plate can be individually changed. This
allows the active area, i.e. the area of the front face displacing the load medium,
to be modified while keeping the resonance frequency constant. In comparison,
for transducer A, increasing the aperture size and active area is associated with a
decrease in mode frequency in accordance with equation (3.16).
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The annular design of transducer B lends itself well to making annular arrays
(see Fig. 1.15c), which with suitable electronics could be focused for even higher
sound pressure levels at the required distance. From the dimensions of the EDFTs,
given in Fig. 5.5, it is seen that transducer A would easily fit inside the hollow centre
of transducer B. The two could hence be combined to give a larger active area and
enhance both pressure output and input sensitivity.
Transducer C was shown to operate in the fundamental mode of an annular
plate with clamped inner and outer radii. The radiation pattern produced by this
mode featured a large main lobe with 70  beam width and sidelobes at ±60 with a
sidelobe level of  8 dB.
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Chapter 6
Evaluation of Flexural
Transducers for Flow
Applications
The discussion of flexural transducers for flow applications will be limited to piezo-
electric flexural transducers. They have a number of qualities that would be ben-
eficial in a flow meter. Because flexural transducers can be operated at a lower
voltage compared to standard piezoelectric transducers, meeting intrinsic safety re-
quirements becomes easier. Modern commercial ultrasonic flow meters can be driven
with voltages as low as 40 V, by using advanced digital signal processing to com-
pensate for the related low SNR. This voltage is still significantly higher than those
commonly used for flexural transducers. In Chapter 4 concerning piezoelectric flex-
ural transducers, all characterisation of the transducers was done with Vpp  10 V
driving voltages.
Another advantage of the low voltage is the related low power consumption
of flexural transducers, which allows for battery compatible meters. These type of
meters are becoming increasingly important for networks of meters covering remote
locations, or locations that are not easily accessible.
A common point of failure in current ultrasonic transducers employing match-
ing layers, is the debonding of the matching layer from the piezoelectric element. A
flexural transducer does not have a matching layer and therefore eliminates one of
the bond layers. This could potentially prolong the lifetime of the transducers in a
flow meter. Furthermore, by removing the matching layer the number of construc-
tion steps is reduced, which could make production of transducers faster and more
cost e↵ective.
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The passive layer of the flexural transducer, i.e. the metal cap, provides
inherent protection of the active element of the transducer from the fluid. This
gives the transducers the necessary ruggedness for industrial flow measurements.
The titanium caps that were characterised in §4.4.4 and used to make 100 kHz
flexural transducers could be used with conventional matching layer transducers
to protect matching layer, piezoelectric element and electronic connections. In such
transducers however the metal cap is associated with signal loss and pulse distortion.
The flexural transducer on the other hand use the cap to generate the ultrasound
waves in the fluid.
There are also some potential problems with using flexural transducers for
flow applications. Flexural transducer cannot be backfilled with a hard setting ma-
terial as this would kill the flexural vibrations of the cap. This makes the transducer
susceptible to being damaged at elevated pressures. At su ciently high pressures
the passive layer might collapse inwards, unless pressure equalisation is engineered
into the design.
As has been seen in previous chapters, flexural transducers have a narrow
frequency bandwidth and long ring down. For flow applications the low bandwidth
is not a disadvantage, as only the transit time is of interest, and transmitting and
receiving transducers have the same operating frequency. The ring down time how-
ever limits the repetition rate of the meter, as the ultrasound waves in the pipe have
to disperse before the same transducer can be fired again. This can be mitigated to
some extent in a multipath meter, where active transducer pairs can be cycled.
6.1 Flow Measurement Techniques
Ultrasonic flow metering was first introduced as an application of fluid coupled ultra-
sound transducers in §1.3.1. In order to put the ultrasonic flow measurement tech-
nique into context some other contemporary flow measurement techniques should
be introduced. The range of flow meters discussed here is not comprehensive, but
presents some of the more commonly employed technologies: Turbine meters, di↵er-
ential pressure meters, thermal meters, Coriolis meters and electromagnetic meters.
For each type of meter the basic principles of operation are explained, as well as
some of their advantages and disadvantages.
6.1.1 Turbine Meters
Turbine meters[95, 96] are some of the most versatile mechanical flow meters, as they
can be produced in a wide range of sizes, and are suitable in both high pressure and
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high temperature environments. The meters can also reach high precision (⇠ 0.15%)
and are intrinsically safe.
The operation of a turbine meter can be understood largely intuitively. The
turbine consists of a rotor with blades at an angle to the flow, which turn due to the
fluid flowing past the blades. The rotation of the turbine is then related to the mass
flow rate of the fluid. The blades can be straight or twisted (helical). Although
a local pressure drop is unavoidable as the fluid imparts some momentum to the
turbine, in most meters the rotor is designed to minimise the disturbance to the
flow. Ideally the blades cut perfectly through the fluid in a helix. In practice, drag
forces that impede the rotation limit the e ciency, but overall the energy extracted
from the fluid is small.
Bearings and structures that are necessary for holding the turbine in the pipe
introduce a larger pressure drop than the rotor itself. It is however common practice
to combine these structures with flow straighteners[97]. Straighteners usually consist
of a plate with holes or short pipes, which constrain radial motion of the fluid, and
hence force the flow to straighten as it passes through the plate. The turbine meter
is one type of meter particularly sensitive to swirls in the flow, and can therefore
benefit significantly from eliminating these upstream of the rotor section.
The mechanically moving parts introduce some problems of their own as
friction in the system, which can change and develop over time, will a↵ect the meter
readings. The moving parts also reduces the life time of the turbine meter. Also,
because the turbine meter has to be installed inside the pipe (in the flow), access to
the meter becomes a problem, which can significantly increase costs and downtime
associated with maintenance.
6.1.2 Orifice Plates and Venturi Meters
The orifice plate meter[98] measures the di↵erence in pressure upstream (before)
and downstream (after) a precise constriction in the pipe, which is used to calculate
the mass flow rate. It is one of the most common types of di↵erential pressure
meters. Fig. 6.1 shows a schematic diagram of a typical orifice plate meter setup.
It is seemingly simple to construct, as it essentially comprises a metal plate with an
orifice inserted between flanges with pressure tappings in the pipe wall. However,
the flow through the meter is complex and the tolerance on the dimensions of the
plate and the pressure tappings has to be small to achieve the necessary precision.
The orifice plate meter can have a precision just under 1%, but could often be much
worse depending on the specific installation details and manufacturing tolerances.
The di↵erential pressure is measured by manometers, Bourdon tubes, or
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∆P = |P2- P1|
P1 P2
Orifice plate
Pipe wall Recirculation 
zone
Figure 6.1: Schematic diagram of an orifice plate meter in crossection.
electromagnetic pressure transducers[99]. The flow is then deduced from experi-
mentally derived equations. The mass flow rate is proportional to the square root
of the di↵erential pressure.
Because the precision of the orifice meter is closely tied to the precise installa-
tion of the plate and pressure tappings, the meter is especially susceptible to wear.
This can become a problem especially when dealing with a corrosive or abrasive
fluid. Similarly, fluids that leave deposits could a↵ect the diameter of the orifice and
hence degrade the precision of the meter. Another problem with the orifice plate
meter is the large pressure drop downstream of the plate, which inevitably leads to
energy losses.
∆P = |P2- P1|
P1
P2
Pipe wall
Throat
Figure 6.2: Schematic diagram of a classical venturi meter in crossection.
The venturi meter is another di↵erential pressure meter, similar to the orifice
plate meter in operation. Instead of a plate with a fixed diameter orifice, the venturi
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meter has a tapered constriction as shown in Fig. 6.2. The flow converges and passes
smoothly through the constricted section, known as the throat, and subsequently
out through a diverging cone. This gradual reduction and then expansion of the
pipe crossection decreases recirculation. The pressure is measured upstream before
the converging cone where pressure is at a maximum, and again at the throat where
the flow velocity is at a maximum and the pressure at a minimum, which gives the
largest di↵erential pressure.
In general the diverging angle downstream from the throat is smaller than
the inlet angle, which results in a better pressure recovery. The total pressure drop
across the whole meter is much smaller than that for the orifice plate meter. These
characteristics make the venturi meter more appropriate in applications where low
energy consumption is important. Also, because of a smaller recirculation zone, the
venturi meter can better handle some multiphase fluids such as oil water mixtures.
6.1.3 Thermal Meters
The heat loss from an object immersed in a fluid is susceptible to the flow rate of
the fluid. An in-line thermal mass flow meter[98] uses two electronic temperature
sensors, and a heating element combined with one of the sensors, as illustrated in
Fig. 6.3. The temperature di↵erence between the two sensors is measured and kept
constant by feedback to the heating element. The flow rate can then be calculated
by monitoring the power consumption of the heating element. In Fig. 6.3 the two
sensors are placed upstream and downstream, but it is also common to have the
sensors perpendicular to the flow.
∆T = |T2- T1|
T2
Pipe wall
T1
Heating element
and sensor Sensor
Figure 6.3: Schematic diagram of an in-line thermal mass flow meter setup in
crossection.
This type of thermal meter has a limited impact on the flow, depending
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on the size of the heat sensors. As the meter only samples a limited crossection
of the flow in the pipe, the precision is somewhat susceptible to the flow profile.
The response rate of the thermal meter is relatively low, as it depends on the heat
convection from the sensors.
6.1.4 Coriolis Meters
A Coriolis mass flow meter[100, 101, 102] derives its name from the Coriolis e↵ect[103],
which is an important phenomenon in fluid dynamics. The e↵ect describes how an
object observed from a rotating reference frame experiences a deflecting force.
The Coriolis meter consists of a fluid conveying conduit, which can be im-
parted angular momentum by an electromagnetic vibrator. The movement is trans-
lated to the flowing fluid in the conduit, which causes particles of the fluid to ex-
perience Coriolis acceleration. Resulting forces from the fluid are proportional to
the product of velocity and density, and generate local pressures on the conduit
walls. These pressures cause a measurable deflection of the conduit, as illustrated in
Fig. 6.4. In the U-tube Coriolis meter, the forces on the conduit produce a twisting
motion, which is related to the mass flow rate. The deflection is often measured by
electromagnetic or optical sensors.
Flow
Fluid force
Vibrating
conduit
Figure 6.4: Schematic diagram of a single loop, or U-tube, Coriolis meter. In
the diagram the Coriolis forces that produce a twisting motion as the conduit
moves upward are shown.
Under normal operation a precision better than 0.5% is common. Other
advantages of the meter include compact design, low power consumption and low
maintenance requirements. The pressure loss across the meter is one of the disad-
vantages.
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6.1.5 Electromagnetic Meters
The electromagnetic flow meter uses Faraday’s law (see equation (5.3)), which de-
scribes the electromotive force induced in a conductor travelling though a magnetic
field, to calculate the mean velocity of a fluid through a conduit. The first flow
meter of this type was developed in 1930. Much of the subsequent development was
driven by the medical field[104, 105], where the electromagnetic meter was used for
blood flow measurements.
To measure the flow, a uniform magnetic field is set up across the conduit. As
the fluid moves through the field, charged particles experience a Lorentz force (see
equation (5.13)). Assuming the fluid has non-negligible conductivity, the Lorentz
force causes charge separation, which leads to a detectable potential di↵erence across
the diameter of the pipe. A simple setup of an electromagnetic flow meter is shown
schematically in Fig. 6.5.
Figure 6.5: Schematic diagram of an electromagnetic flow meter.
The pipe has to be non-magnetic to allow the magnetic field to penetrate
the pipe. Usually the field is created by coils excited by an alternating current. The
voltages in the fluid are measured between two electrodes that are set in the wall
of the pipe. The inside of the pipe has to be coated by an insulating material to
avoid shorts. Even though the electric currents and eddies created as the fluid cuts
the magnetic flux lines are complicated, for a large range of flow conditions, the
expression for the potential di↵erence across the electrodes is given by
 V = BDpv, (6.1)
where B is the magnetic field strength, Dp is the diameter of the pipe and v is the
105
mean flow velocity in the pipe. The equation (6.1) only holds true for a uniform
magnetic field and for an axisymmetric flow profile. Any fully developed flow profile
in a cylindrical pipe will be axisymmetric, but it is not always practical or even
possible to let the flow fully develop before the meter. Work has been done to deal
with distortions in the flow profile by, for example, the use of a weight function[106,
107]. The e↵ect can also be limited by using extended electrodes.
Electromagnetic meters will work on any conducting fluid, generally consid-
ered as any fluid with a conductivity above   = 4⇥10 4 Sm 1, although research
into measurements on fluids with a lower conductivity has been done[108]. Simi-
lar to the ultrasonic meter, the electromagnetic meter has very little influence on
the flow, and there is no significant pressure drop after the meter section. Also,
an electromagnetic meter has no moving parts, which prolongs the life time of the
meter.
6.2 Experimental Setup of Flexural Transducers for Flow
Measurements
Three di↵erent types of experiments were conducted to evaluate the potential use of
the 100 kHz titanium flexural transducer (from §4.4.5) for flow applications. In the
experiments focus was put on the signal shape retention, as this is one of the most
important transducer properties for transit time ultrasonic meters. The precision
of the meter depends on the accurate measurement of time delays upstream and
downstream, which are used in equation (1.45) to calculate the flow velocity v.
The delays are calculated by comparing the delayed signals to a reference signal,
recorded at zero flow. Di↵erent methods and algorithms exist for calculating the
delay between two signals. In ultrasonic flow metering both zero crossing methods
and cross correlation methods[109] are common, and particularly for techniques
using cross correlation, signal shape distortion is detrimental to measurements.
To allow the flexural transducers to be fixed into a meter body they were
glued into a larger aluminium holder, which was backfilled with a hard set epoxy.
In order to backfill the aluminium holder without damaging the transducer, each
transducer was fitted with a lid assembly, which sealed the transducer whilst leaving
an air-gap inside. This also made the transducers more robust.
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6.2.1 Elevated Static Pressure
A transducer pair was fitted into a meter body sealed at both ends, with a manual
pump and a pressure gauge. The transducers were used in transmit-receive mode
as the pressure was increased from ambient to 12.8 bar. Because the transducers
were fitted into a pre-made meter body, with set paths, the distance between the
transducers was fixed. The distance was measured by TOF to be approximately
22 cm.
Residential
meter
Oscilloscope Function
generator
Flow regulator
Receiver Transmitter
Pipe
Figure 6.6: Schematic diagram of setup for measuring flow velocity from a
pressurised air supply with a flow regulator. The transmitter and receiver were
100 kHz titanium flexural transducers.
6.2.2 Air Flow
In residential gas meters a di↵erent transducer setup can be used, where the ultra-
sound waves travel parallel to the flow. The measured time delays of upstream and
downstream signals are no longer reduced by the cos(✓) factor, which makes mea-
surements of the delays easier. On the other hand, the flow is disturbed to a much
greater extent in this type of meter compared to the type of ultrasonic flow meter
introduced in §1.3.1. A schematic diagram of the setup used is shown in Fig. 6.6.
6.2.3 Water Flow Rig
The flow rig that was used is described in detail in [110] and [111]. A small, straight,
single path, flow meter was constructed, again using a pair of the titanium flexural
transducers. Fig. 6.7 shows the meter section used in the flow rig.
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Figure 6.7: SolidWorks CAD diagram of straight path flow meter setup in
crossection. The diagram shows only one of the transducers inserted into the
meter.
The meter was made by drilling holes into a pipe section and gluing in two
transducer fixtures. The fixtures were designed in CAD program SolidWorks and
3D printed using ABS plastic. They were designed to give a 45  angle to the flow.
The pipe diameter was 50 mm, giving an ultrasound path length of L = 70 mm.
Normally, for accurate flow metering, the distance L has to be determined very
precisely. However, this was not feasible with 3D printed fixtures and hand drilled
openings in the pipe. With this in mind, the setup could still be used to evaluate
if the transducers were capable of precise (as opposed to accurate) measurements
of flow. Two O-rings and a rubber gasket (not shown in the diagram) were used in
each transducer fixture to stop leaks. For high flow rates (> 100 kgms 1) there was
however a small leak from both transducers. A commercial Coriolis meter was used
to measure the mass flow rate, which was varied between 50 kgms 1 and 170 kgms 1.
6.3 Results
6.3.1 Elevated Static Pressure
The static experiment at increased pressures showed a non-linear amplitude re-
sponse, as seen in Fig. 6.8a. There is an initial large increase in signal amplitude as
the pressure is increased from ambient to 1.2 bar. This is followed by a relatively
flat region up to 3.0 bar, and then a sharp drop back to ambient pressure amplitude
level as the pressure was increased to 6.4 bar. The amplitude then starts to increase
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slowly again and has a positive gradient when the setup reaches maximum capacity
at around 12.8 bar. The initial amplitude gain as the pressure is increased from am-
bient has previously been observed for standard matching layer transducers in flow
meters, which was ascribed to better coupling between the piezoelectric element and
the matching layer, and between the matching layer and the protective metal cap.
This explanation is however not satisfactory for the flexural transducers used in this
experiment. A potential explanation is an increased energy transmission due to an
increased load impedance. Since the transducers are not pressure equalised, push-
ing the air in front of the transducer requires a larger force, which translates into a
higher mechanical impedance, which would be closer to the e↵ective impedance of
the flexural transducer. The drop in amplitude that follows the increase is explained
by the greater force needed to bend the front face outwards at increased pressures.
Regarding the slow increase in amplitude at higher pressures, further research will
be necessary to determine the reasons for this trend.
(a) (b)
Figure 6.8: (a) Receive signal peak-to-peak amplitude and (b) receive signal
centre frequency, for static pressures from 0 bar (ambient) to 12.8 bar.
The centre frequency of the received signal also changes as the pressure is
increased, as seen in Fig. 6.8b. The change in frequency is however more predictable
than the amplitude, and follows an almost exponential decline with increased pres-
sure. The transmitter is driven by a function generator with a 100 kHz, 3 cycle,
10 Vpp sinusoidal signal. The received signal on the other hand has a lower fre-
quency, starting at just over 85 kHz at ambient pressure, and going down to 75 kHz
at 12.8 bar. This drop in frequency is due to the increased force necessary to bend
the plate. That is, the increased pressure increases the e↵ective inertia of the plate,
which decreases the resonance frequency of the system.
Fig.6.9 shows the receive signal at four di↵erent pressures. Apart from the
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change in amplitude the signal shape is undistorted for small changes in pressure.
At 12.8 bar the signal shape has been significantly distorted. The initial part of
the signal is however similar, and could still be used to measure transit time. In
general, using the zero crossing method for TOF measurements, only the first few
cycles of the signal are of interest. Hence, the distortion seen in Fig. 6.9 would not
necessarily negatively influence the precision of a flow velocity measurement.
The distortion of the signal that appears at ⇠ 0.9 ms comes from mechanical
crosstalk through the body of the flow meter. As the pressure increases the coupling
between the meter body and the transducer increases, as the transducer is pushed
into closer contact. This e↵ect could be controlled to some extent by how tightly the
transducer was fixed into the body, and with the use of O-rings in areas of contact.
(a) (b)
(c) (d)
Figure 6.9: Signals recorded at di↵erent static pressures: (a) ambient pressure,
(b) 2.1 bar, (c) 6.5 bar and (d) 12.8 bar.
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6.3.2 Air Flow
Fig. 6.10 shows the flow velocity v, measured with the flexural ultrasound transduc-
ers, plotted against the volumetric flow rate as given by a commercial residential
gas meter. There is a clear linear relation between the two, which shows that the
titanium flexural transducers can be used in these type of gas flow applications. As
seen in the diagram of the setup in Fig.˜reffig: the air flow was forced through a pipe
section. The pipe section was however not long enough to allow the flow to fully
develop, and even better result would be expected for the flexural transducers with
an optimised setup.
Figure 6.10: Flow velocity from ultrasound TOF measurements in line with air
flow, against volume flow rate read from a residential diaphragm meter, and a
straight line fit to the data.
There was some signal distortion with increased flow rate, as seen in Fig. 6.11,
and hence the zero crossing method was used to calculate TOF. A Matlab script
was written and used for finding the zero crossings of each signal and calculating
the di↵erences in TOF between di↵erent signals.
6.3.3 Water Flow Rig
The experimental setup used to measure the water flow was not precise enough
to make accurate measurements of the flow velocity. From the results it became
apparent that the path distance between the transducers increased as the pressure
increased at higher flow rates. This lead to a measurement bias where the transit
time upstream tu increased more rapidly than expected, and the downstream transit
time td did not decrease as fast as expected. The reason is probably the plastic
fixtures and the O-rings, which would allow the transducers to be pushed back as
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(a) (b)
Figure 6.11: Signal from air flow measurements at (a) zero flow and (b)
7.2 m3s 1.
the pressure in the pipe increased. Fig. 6.12 shows the TOF for upstream and
downstream signals as compared to the zero flow TOF.
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Figure 6.12: Time delay of signals compared to zero flow TOF for di↵erent mass
flow rates.
However, the transducer performance was good, with large amplitude signals
for low excitation voltages and very low signal distortion at high flow rates. Fig. 6.13
shows two signals at di↵erent flow rates. The transmitting transducer was excited by
a 3 cycle, 100 kHz, 1 V amplitude sinusoidal wave. The receive signal was amplified
by a 40 dB amplifier and averaged 16 times. Even with this low excitation voltage
the single shot SNR was approximately 15 dB. Overall, the signal amplitude and
SNR were higher in water compared to in air, due to the enhanced acoustic coupling
into the load medium.
As can be seen from comparing the signals in Figs. 6.13a and 6.13b, the signal
shape is very well retained at the higher flow rate, which made cross correlation
methods for determining the time delays appropriate.
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(a) (b)
Figure 6.13: Signals from upstream measurements at (a) zero flow and (b)
120 kgms 1 mass flow rate.
6.4 Conclusions
The piezoelectric flexural transducers are viable for both liquid and gas flow appli-
cations at pressures under 13 bar, and potentially at higher pressures. The static
pressure measurements showed that the signal amplitude changed non-linearly with
pressure. For small increases in pressure < 3 bar the signal amplitude increased
significantly.
In the water flow rig the signal strength and SNR were good and the signal
shape distortion low, as seen in Fig. 6.13. Unfortunately, even though the trans-
ducers performed well, the experimental setup was not precise enough to allow for
accurate measurements of the flow velocity. Because of the greater sound speed in
water compared to in air the time delays are very small, which requires very pre-
cise determination of the ultrasound path length. The trends of the measured time
delays in Fig. 6.12 indicated that the path length increased with increasing flow
rate.
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Chapter 7
Conclusions
7.1 Piezoelectric Flexural Transducers
The behaviour of piezoelectric flexural transducers was studied in detail. Although
some work had been done to develop the theoretical models of unimorph systems[112,
113, 114], little in terms of experimental validation of a real system has been reported
in the literature. Existing commercial flexural transducers are limited in operation
frequency, and are only typically used in proximity and range finding applications.
The passive layer of the flexural transducer, i.e. the metal cap, was charac-
terised separately before assembly (§4.4). By use of laser induced ultrasound the
layer was excited without loading the plate. The out of plane displacement was
measured and the frequency modes revealed by Fourier transform. The mode fre-
quencies only depend on the dimensions of the cap, which allowed the tolerance of
a batch to be quickly estimated. Since flexural transducers are narrowband devices,
frequency matching is important, and significant amounts of time and resources
can be saved by discarding unsuitable components before bonding the piezoelectric
element and assembling the whole transducer.
This laser induced ultrasound characterisation also helped reveal the influ-
ence of the piezoelectric element on the flexural vibrations, both in terms of mode
frequencies and mode shapes. Generally the added sti↵ness of the piezoelectric
element increased the mode frequency, but this increase was limited by the mass
loading.
A laser scanning system was developed by combining a single point laser
vibrometer with the xy-stage of a 3D printer (§2.2). The setup allowed the time
resolved transverse displacement or velocity of the radiating face of a transducer
to be measured. By using a broadband excitation pulse, individual modes could
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be separated out by use of digital frequency filters in post-processing. The results
showed how the experimental mode shapes of flexural transducers di↵er from the
theoretical mode shapes of a thin plate. Overall, the central peak was flattened
and the outer antinodes had relatively greater amplitudes. From the velocity profile
of the surface, the transducer directivity could be predicted by use of Huygen’s
principle (§1.1.3).
The possibility of using flexural transducers for flow applications was ex-
plored. The titanium transducers were operated in transmit-receive mode in air at
elevated static pressure, measuring air-flow from a pressurised air supply, and in a
water flow rig. The transducers performed well at higher pressures, with the signal
amplitude not dropping below the amplitude measured at ambient pressure over
the range tested. The air flow from a pressurised supply could be measured with
reasonable precision (accuracy depending on calibration). The water flow could not
be measured due to problems with the setup, but the signal amplitude and SNR
were very good, which suggests that the transducers could successfully be used in
this type of application.
A novel method of building an air-coupled phased array was suggested and
tested (§4.4.6). The idea was that multiple flexural elements could be defined on a
single metal plate by use of rigid ba✏e bonded to one side of the plate. Experiments
showed that the ba✏e did su ciently isolate the elements to give them a mode shape
and mode frequency close to that of a single element flexural transducer of similar
dimensions.
7.2 Electrodynamic Flexural Transducer
A novel electrodynamic flexural transducer (EDFT) was introduced (Chapter 5),
that used electromagnetic coupling to generate and receive ultrasound waves in air.
The transducer can be made of low cost components and is very robust. Because no
piezoelectric materials are used the transducer has potential for high temperature
applications.
Because the generation coil is easier to configure than a piezoelectric element
there is more freedom in choice of flexural plate geometry. This allowed for the
fabrication of annular flexural transducers.
The EDFTs were shown to produce high pressure outputs, but to have rela-
tively low receive sensitivities. Even so, two transducers were shown to work well in
transmit-receive mode. The transducers were shown to have a narrow bandwidth,
as expected of a flexural device.
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7.3 Suggested Future Work
Future research based on this thesis could take many di↵erent directions. Already
the flexural array technology introduced in §4.4.6 has been greatly improved, re-
sulting in a smaller aperture array with more elements (4 ⇥ 4). Even though the
 /2 criterion still has not been met, the array has already proved able to steer the
main lobe accurately over a large range of angles. The first results from this array
will be presented at the IEEE International Ultrasonics Symposium (IUS) in Tours,
France, September 2016.
The research of single element piezoelectric flexural transducer has also con-
tinued. The idea of screen printing a piezoelectric element onto a thin metal shim
to make a flexural transducer is being investigated. By directly printing the active
element onto the passive layer and then curing and poling it, all bond layers have
been eliminated. Also, by using bismuth titanate as the active material in the screen
printing process, high temperature flexural transducers are made possible. Initial
results from this type of transducer were recently presented [115].
Another area of application to which flexural transducers might be applied is
that of continuous wave (CW) flow measurements. Instead of measuring the transit
time of a signal pulse, the phase shift of a continuous wave between two transducers
is recorded and related to the flow velocity. Piezoelectric flexural transducer, be-
cause of their narrow bandwidth and high quality factor, should be well suited for
this application. In CW mode significantly higher pressure amplitudes for similar
excitation voltages can be achieved.
In terms of the EDFTs the development of more sensitive designs is a priority.
One possible improvement is to use a magnetostrictive material instead of aluminium
as the radiating plate, to increase coupling e ciency to the generation and reception
coil. Alternatively, a magnetostrictive coating could be applied to the inside of the
plate. This coating could also be used as a damping layer, to increase the bandwidth
of the device. In general, the use of suitable backing materials for manipulating the
bandwidth of flexural transducers is a potential area of further research.
The idea of using EDFTs to make annular arrays was already suggested
in §5.5. This is another topic for future work. By varying the inner and outer
radii of individual annular EDFTs, they can be designed to fit inside each other, as
the individual elements of an annular array, and yet have the same fundamental
mode frequency. By using transducers in this configuration the active to total
aperture area is increased, the sensitivity is increased, and the potential for focusing
ultrasound is introduced.
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Apart from the experimental work, a theory describing the coupling between
the electromagnetic forces and the flexural vibrations should be developed. There
was some indication that the in-plane forces from the out of plane component of
the static magnetic field had an impact on the output amplitude of transducer A,
which illustrates the need for a better understanding of the underlying physics of
the EDFTs.
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Abstract—Flexural transducers are effective ultrasonic gener-
ators in fluid media, where standard piezoelectric transducers
suffer a significant performance loss due to a large impedance
mismatch. The flexural modes of piezoelectrically actuated metal
caps are routinely used to make low frequency (typically 40
kHz) air coupled transducers for simple distance measurements.
Such transducer types offer many intrinsic advantages including
an integrated metal buffer for environmental shielding, good
fluid coupling for generation and detection of ultrasound, and
large amplitude signals for a low driving voltage. In this work,
we investigate the design of arbitrary and specifically higher
frequency (> 100 kHz) flexural metal cap probes. The analytical
theory of vibrating plates was used to determine how the
geometry of the cap affects the frequencies of its normal modes.
Finite element modelling (FEM) was used to simulate a more
realistic system. A first set of prototype transducers was built and
investigated. The prototype behaviour is in general agreement
with the theoretical and FEM models, but with shifted modal
frequencies. The prototype transducers have a strong mode at
140 kHz, which can be used to generate ultrasound in air.
I. INTRODUCTION
A. Flexural Cap Transducers
Flexural transducers use the bending modes of a plate or
membrane to displace the propagation medium and hence
produce sound [1]. Since the plate vibrations are mechanically
coupled to the medium, there is no impedance mismatch. A
relatively small amount of input energy can generate large
amplitude vibrations in the plate.
There are many different designs of flexure type transducers
depending on their respective applications. Flexural transduc-
ers can be used as sensors [2] as well as for high power
ultrasonics [3].
Fig. 1 shows a schematic diagram of the cross section of
a piezoelectrically actuated metal cap flexural transducer. The
piezoelectric disk inside the cap is bonded to the back of the
plate. An electrical signal causes the piezoelectric element to
expand, but it is constrained at the boundary to the plate, which
causes the whole system to bend. The metal plate that produces
the ultrasound waves is part of the cap, which also works as
a protective buffer. The transducer therefore has an integrated
ruggedness, which is valuable for many industrial applications.
The frequency of the vibrations and hence of the ultrasonic
wave depend on the driving frequency of the electrical signal
to the piezoelectric element. Large amplitude displacements
Fig. 1. Schematic diagram of a cross section of a piezoelectrically actuated
flexure type transducer.
can be achieved by driving the system at resonance frequency.
The resonance frequencies, i.e. the modal frequencies, of the
system depend on the geometry and material of the cap, and
are not related to the through thickness resonant frequencies
of the piezoelectric element, which due to its small thickness
are generally several orders of magnitude greater than the
operational frequency of the flexural transducer.
B. Theory of Vibrating Plates
The equations describing the vibrations in circular, elliptical
and rectangular plates with clamped, simply supported or free
boundary conditions are derived in [4]. The general differential
equation describing the transverse displacement of any thin
plate regardless of shape and boundary conditions is
Dr4w(r, t) + ⇢@
2w(r, t)
@t2
= 0, (1)
where D is the rigidity of the plate, defined in (2), w is the
transverse displacement and ⇢ is the density. The rigidity is
given by [4]
D =
Eh3
12(1  ⌫2) , (2)
where E is Young’s modulus, h is the plate thickness and
⌫ the Poisson ratio. Solving 1 for a circular plate gives the
following axisymmetric solutions
w(r, t) = [AJ0(kr) +BI0(kr)] cos(!t), (3)
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Fig. 2. Normalised amplitude of the first three axisymmetric modes of a plate
clamped uniformly around the edge, from the spatial part of (3).
where k4 = ⇢!
2
D , J0 and I0 are the zeroth order Bessel
function and modified Bessel function of the first kind respec-
tively, and A and B are constant coefficients determined by
the boundary conditions. The boundary conditions for a plate
clamped uniformly around the edge (r = a) are
w(a, t) = 0
@w(r, t)
@r
    
a
= 0.
(4)
Applying these boundary conditions to (3) gives the shapes
of the normal modes, of which the three first harmonics are
illustrated in fig. 2. These mode shapes are important for
predicting the acoustic beam profile that a particular mode will
produce. Prima facia, the second and third harmonic modes
would produce greater side lobes compared to the fundamental
mode.
The frequencies of the normal modes are given by
f =
1
2⇡
✓
 
a
◆2sD
⇢h
, (5)
where   = ka is a root of (3). Remembering that D is
proportional to the cube of the plate thickness, the frequency
of any particular mode is inversely proportional to the radius
squared and directly proportional to the thickness, for constant
 .
Two other boundary conditions of importance relate to
completely free plates and simply supported plates, which are
treated extensively in [4]. For the flexural transducer, described
in §I-A and depicted in fig. 1, the actual boundary conditions
are more complicated than any of the three mentioned. The
edge of the plate is not rigidly fixed, yet its motion is impeded
by the sides of the cap.
II. METHODS
A. Computational Methods
Computational methods, using finite element modelling
(FEM) [5], were applied to predict the properties and be-
haviour of the flexural transducer.
The FEM software package PZFlex was used to simulate
the metal cap flexural transducer with different dimensions.
Specifically, probes with plate thickness 0.1 mm  h 
0.5 mm, and radii 1.9 mm  a  2.5 mm were simulated.
The radius a does not include the side thickness of the probe,
which for all simulations was set to 1.0 mm. The model was
primarily used to look at the time varying displacement of the
centre of the radiating face. By applying a short sinusoidal
pulse to the piezoelectric element, the plate would vibrate at
its natural frequencies, which could be found by a Fourier
transform. A particular mode could then be investigated by
driving the piezoelectric element with a continuous signal at
the resonance frequency of that mode.
B. Experimental Methods
A first set of prototype flexure type transducer probes was
made. Fig. 3 shows a 3D model of the transducer. The probe’s
metal cap was made from aluminium and its dimensions were:
Plate radius a = (4.5± 0.1) mm
Plate thickness h = (0.50± 0.05) mm
Side thickness = (1.0± 0.1) mm
Side length = (5.0± 0.1) mm
The piezoceramic disk had a (3.2±0.1) mm radius and (0.50±
0.05) mm thickness. It was attached to the back of the plate,
in the middle of the cap, with silver loaded epoxy.
A PolyTec laser vibrometer was used to measure the surface
displacement of the radiating face of the probes. By recording
the centre displacement of the probe for a short voltage pulse
applied to the piezoelectric disk, the frequency spectrum was
obtained by Fourier transform. By manually scanning the laser
across a diameter of the probe in steps of 0.5 mm, the mode
shape for a particular frequency could be determined.
The beam profile of a probe was measured with a micro-
phone, moved in a 180  arc with the probe at its centre (see
fig. 4). By varying the radius of the arc, both the near field
and far field behaviour was observed. By moving the probe
away from the microphone along a central line, from an initial
small (<1 mm) separation, the near field amplitude variations
were observed.
An impedance analyser was used to find the resonance
frequencies of the flexural transducer prototypes. The phase
of the impedance was used to give the frequency spectra of
the transducers.
Fig. 3. 3D model, front and back view, of the piezoelectrically actuated
aluminium cap flexural transducer prototype.
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Fig. 4. Schematic diagram of the setup used to obtain the beam profile a
distance R from the probe using an acoustic microphone.
III. RESULTS
A. Flexural Transducer FEM Results
The frequency response of the fundamental mode for differ-
ent radiating face radii and thicknesses is summarised in fig.
5. As predicted by plate theory, and in particular equation (5),
the frequency of a specific mode increases with increasing
thickness and decreases with increasing radius of the plate.
However the relation between mode frequency and thickness
is not linear.
Similar readings were taken for the second harmonic mode,
but the results were more difficult to analyse due to mode
splittings. However, some general results were obtained. For a
plate with fixed radius of 2.0 mm a frequency shift from 269
kHz to 576 kHz was observed as the thickness was increased
from 0.1 mm to 0.5 mm. For a fixed 0.5 mm thickness the
frequency decreased from 576 kHz to 497 kHz as the radius
was increased from 2.0 mm to 2.5 mm.
B. Results from Prototype Flexural Transducer Probe
Fig. 6 shows the frequency spectrum of a prototype probe
with the dimensions specified in §II-B. The spectrum displays
clearly separated frequency modes. The dominant mode of
vibration was found at ⇠ 140 kHz.
Fig. 5. Frequency of the first harmonic mode as a function of plate thickness
for seven different plate radii going from 1.9 mm to 2.5 mm in steps of 0.1
mm.
Fig. 6. Normalised magnitude frequency spectrum from FFT of centre dis-
placement signal from a flexural transducer prototype, excited by a wideband
pulse.
Fig. 7. Normalised peak-to-peak displacement of the first two resonant modes
of the flexural transducer. The probe was excited by a continuous sinusoidal
voltage of 1 V peak-to-peak. Negative values correspond to a ⇡2 phase shift
in the displacement signal relative to readings with positive values.
Figs. 7 shows the mode shapes for the first and second fre-
quency peaks at 50 kHz and 140 kHz respectively. The probe
was driven with a continuous 1 V peak-to-peak sinusoidal
signal at the resonance frequencies of the respective modes.
There is reasonable agreement between these two mode shapes
and the two first axisymmetric mode shapes predicted for
a clamped plate (see fig. 2). The maximum displacement
amplitude of the higher frequency mode was greater than that
of the lower mode.
A FEM model with the dimensions of the prototypes was
made for comparison. The frequency spectrum is shown in fig.
8. There is qualitative agreement between this spectrum and
the spectrum in fig. 6, but the second harmonic mode appears
shifted. In the FEM model the second harmonic mode had a
resonance frequency close to 180 kHz, and the fundamental
mode was found at 50 kHz.
C. Beam Profile of the Flexural Transducer
Fig. 9 shows the far field beam profile from a prototype
transducer being driven at 140 kHz.
The air pressure amplitude decreases with separation from
the ultrasound source due to attenuation, but in the near field
there will be local amplitude maxima and minima. The end of
the near field and beginning of the far field can be defined as
the point of the last pressure maximum [6]. Fig. 10 shows the
peak-to-peak pressure for a source to microphone separation
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Fig. 8. FFT of centre displacement signal from FEM model of the flexural
transducer.
Fig. 9. Far field beam profile from a flexural transducer prototype operating
in the second harmonic mode at 140 kHz.
of up to 9 mm. The peak separation should tend towards  2
as the separation between the transducer and the microphone
decreases. The separation between the first two maxima is
1.23 mm, which gives   = 2.46 mm. The frequency of sound
equals the driving frequency of the transducer. This gives an
estimation of the sound velocity in air c =  f = 342 ms 1,
which is in good agreement with accepted values for sound in
air at room temperature.
D. Impedance Analysis Results
The impedance phase of the prototype flexural transducer
is shown in fig. 11. The peaks in the phase correspond well
to the peaks in the Fourier spectrum obtained from measuring
the displacement of the radiating face of the transducer (see
fig. 6).
Fig. 10. Peak-to-peak amplitude variation with separation between source
and microphone.
Fig. 11. Phase of the impedance of a prototype flexural transducer, showing
good agreement with the frequency spectrum in fig. 6.
IV. CONCLUSION
Flexure type metal cap probes can effectively be used
to generate ultrasound in air. The frequency of the sound
produced depends on the geometry of the cap, and especially
on the dimensions of the radiating face. A driving signal of
a few volts peak-to-peak can produce large displacements on
the order of 102 nm.
The FEM results showed, in agreement with the theory for
clamped plate vibrations, that higher frequency transducer can
be made by reducing the radius of the radiating face. A thicker
plate also increases the frequency, but only to the limit where
the cap starts to behave like a bulk transmitter instead of a
flexing membrane.
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Abstract. Ultrasonic generation and detection in fluids is inefficient due to the large difference in acoustic impedance between
the piezoelectric element and the propagation medium, leading to large internal reflections and energy loss. One way of
addressing the problem is to use a flexural transducer, which uses the bending modes in a thin plate or membrane. As the plate
bends, it displaces the medium in front of it, hence producing sound waves. A piezoelectric flexural transducer can generate
large amplitude displacements in fluid media for relatively low excitation voltages.
Commercially available flexural transducers for air applications operate at 40 kHz, but there exists ultrasound applications
that require significantly higher frequencies, e.g. flowmeasurements. Relatively little work has been done to date to understand
the underlying physics of the flexural transducer, and hence how to design it to have specific properties suitable for particular
applications.
This paper investigates the potential of the flexural transducer and its operating principles. Two types of actuation
methods are considerd: piezoelectric and electrodynamic. The piezoelectrically actuated transducer is more energy efficient
and intrinsically safe, but the electrodynamic transducer has the advantage of being less sensitive to high temperature
environments. The theory of vibrating plates is used to predict transducer frequency in addition to front face amplitude,
which shows good correlation with experimental results.
INTRODUCTION
Flexural Cap Transducers
Flexural transducers use the bending modes of a plate or membrane to displace the propagation medium and hence
produce sound waves [1]. Since the plate vibrations are mechanically coupled to the medium, there is no acoustic
impedance mismatch. A relatively small amount of input energy can generate large amplitude vibrations in the plate.
There are many different designs of flexural transducers depending on their respective applications. Flexural
transducers can be used as sensors [2] as well as for high power ultrasonics [3]. Flexural transducers are commercially
available, and the technology is well established, being used in ultrasonic parking sensors.
Fig. 1 shows a schematic diagram of the cross section of a metal cap piezoelectric flexural transducer. When an
electric field is applied across the piezoelectric element it will try to expand, but because it is constrained at the
boundary to the metal cap, it will cause the system to bend instead.
The active element in fig. 1 can be replaced by a spiral coil of wire. The current in the coil induces a magnetic
field  !B in the front plate of the metal cap, which generates a current density  !j . The current in the cap interacts
with the magnetic field to produce a Lorentz force  !F =  !j ⇥ !B [4], which sets the plate in vibration. The metal
cap is therefore a necessary part for ultrasonic generation whilst also providing an integrated ruggedness, which is
valuable for many industrial applications. The generation method is similar the one used for electromagnetic acoustic
transducers (EMATS)[5], but without the static magnetic field. A static magnetic field can however be introduced, and
is necessary for receiving ultrasound.
Large amplitude displacements can be achieved by driving the system at resonance frequency. The resonance
frequencies, i.e. the modal frequencies, of the system depend on the geometry and material of the cap.
Theory of Vibrating Plates
The general equation describing the transverse displacement of a thin plate is [6]
D 4w( !x , t)+ h 
2w( !x , t)
  t2
= 0, (1)
FIGURE 1. Schematic diagrams of the cross section of two metal cap flexural transducers, which use a) a piezoelectric element
and b) a current carrying spiral coil for excitation. The thickness of the piezoelectric element should be of similar size or smaller than
the front face, to allow for flexing. For the same reasons, dpiezo should be significantly larger than the thickness of the piezoelectric
element.
where D is the rigidity of the plate, defined in (2), w is the transverse displacement,   is the volume density, and h is
the plate thickness. The rigidity is given by
D=
Eh3
12(1  2) , (2)
where E is Young’s modulus and   the Poisson ratio. For a full solution of (1) for an edge clamped circular plate see
[6].
The frequencies of the normal modes are given by
f =
1
2 
✓
 
a
◆2s D
 h
, (3)
where   = ka is a root of the solution to (1). Remembering that D is proportional to the cube of the plate thickness,
the frequency of any particular mode is inversely proportional to the radius squared and directly proportional to the
thickness, for a given eigenvalue   .
Solving (1) with the appropriate boundary conditions gives the shapes of the vibration modes. The modes are labeled
(m,n), where m is the number of nodal radii and n the number of nodal diameters of the mode. The boundary conditions
for an edge clamped plate are not strictly applicable to the flexural transducer illustrated in fig. 1. The sides of the cap
will restrict the motion along the edge of the vibrating plate, but not completely stop it. However, the edge clamped
plate is a good approximation, which gives useful insight into the behaviour of the flexural transducer.
METHODS
The finite element method (FEM) [7], was used to predict the properties and behaviour of the flexural transducer. The
FEM software package PZFlex was used to simulate the metal cap flexural transducer, when excited by a piezoelectric
element or by a time varying pressure load. Using a pressure load resembles the electrodynamic generation to some
extent, since it is a form of non-contact generation. By applying a broadband excitation pulse, the plate would vibrate
at its natural frequencies, which could be found by Fourier transform. A particular mode could then be investigated by
driving the transducer with a continuous signal at the resonance frequency of that mode.
A PolyTec laser vibrometer was used to measure the surface displacement of the radiating face of the transducers.
The system was set up to scan the whole front face in steps of 0.3 mm, in order to determine both mode shape and
frequency. A schematic diagram of the setup is shown in fig. 2. Different transducers were used for piezoelectric and
electrodynamic generation, since there was no easy way to switch between the two generations methods in a single
metal cap.
The dimensions of the cap in the FEM model and the prototypes were: Inner diameter d = 9.0 mm, outer diameter
D= 11.0 mm, front face thickness h= 0.5 mm.
FIGURE 2. Schematic diagram of setup used to scan the front face of the transducer. When using a piezoelectric element to
generate, an arbitrary function generator was used as pulser, and for electrodynamic generation an EMAT pulser was used.
RESULTS
Flexural Transducer FEM Results
The frequency spectrum of the FEM modelled flexural transducer is presented in fig. 3. The spectrum was obtained
from the Fourier transform of the displacement signal from the front face of the metal cap, when excited by a broadband
pulse, using electrodynamic generation. The displacement was measured at a point slightly off-centre, in order to
capture the frequency peaks corresponding to non-axisymmetric modes, i.e. modes with one or more nodal diameters
(m,n> 0).
The first peak in the spectrum corresponds to the fundamental mode (0,0), and is located at 50 kHz. The calculated
values from (3) for this mode are 42 kHz and 62 kHz, using the outer and the inner radius for a respectively. The
second peak at 100 kHz corresponds to the first non-axisymmetric mode (0,1). The (1,0) mode is split into three peaks
at 160 kHz, 180 kHz and 220 kHz. The peak at 390 kHz represents the third axisymmetric mode (2,0). The other peaks
can similarly be associated with the theoretical vibration modes, by looking at the mode shape of the transducer at the
location of the peak.
FIGURE 3. Normalised frequency spectra from a) FEM model and b) experimentally measured displacement signal from
prototype electrodynamic flexural transducer
Results from Prototype Flexural Transducer
Figure 3 shows the frequency spectra of a prototype transducer with the dimensions specified in the methods section.
The locations of the mode frequencies are in good agreement with the FEM results, even though the relative
amplitudes of the peaks do not agree. The amplitudes however depend on the specific generation method as well
as the position on the front face of the transducer where the displacement signal was recorded. It is encouraging to see
the three way splitting of the (1,0) mode, that was also observed in the FEM model results.
Figure 4 shows the measured (1,0) and (2,0) mode shapes and their theoretical counterparts. The measured fre-
quencies of these modes are180 kHz and 390 kHz respectively. The other modes present in the frequency spectrum
(see fig. 3) show similar correspondence between experimental and theoretical mode shapes. In general there is good
agreement between the experimentally measured results and the theoretically calculated results.
FIGURE 4. a) Experimental mode (1,0) at 180 kHz, b) theoretical shape of mode (1,0), c) experimental shape of mode (2,0) at
390 kHz, and d) theoretical shape of mode(2,0).
CONCLUSION
The metal cap flexural transducers can be designed to operate at specific frequencies with specific vibration modes.
They show potential as an alternative ultrasound generation method in air and liquids.
Metal cap flexural transducers show good agreement with the analytical theory of edge clamped circular plates.
The theory can therefore be used to quickly predict the frequency and vibration mode shape of a transducer of known
dimensions. The transducer has an inner and outer diameter values, which can both be used in the theory to give
an upper and lower bound on any mode frequency. The frequency band between the bounds grows larger for higher
modes, making them harder to predict accurately using an analytical solution. For the fundamental mode a lower
bound of 42 kHz and and upper bound of 62 kHz were calculated for the particular flexural cap model. The measured
fundamental mode was found in between these values at 50 kHz.
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Abstract—Flexural transducers use the bending modes in a
plate or membrane to produce sound in low acoustic impedance
media. Traditionally, piezoelectrically actuated flexural transduc-
ers have been used to generate ultrasound with large amplitude
for a relatively low excitation voltage. In this work, the use of
electrodynamic forces generated by a current carrying coil is
investigated, as an alternative method for generating ultrasound
by flexural vibrations. Using a coil instead of a piezoelectric
element makes the transducer easier to manufacture, and able to
operate at high temperatures. The analytical theory of vibrating
plates as well as finite element modelling was used to predict
transducer behaviour, i.e. mode frequencies and shapes of the
vibrating front face. Prototype transducers were made from
aluminium with a pancake copper coil at the back for generation.
A Polytec laser vibrometer was used to measure the front face
displacement of these prototype transducers. The displacement
measurements revealed a frequency spectrum with narrowband
(⇠3 kHz full width half maximum) modal frequency peaks, and
a dominant fundamental mode at ⇠50 kHz. The spectrum is
in good agreement with calculated frequency values, and the
experimental mode shapes are similar to those predicted by
theory.
I. INTRODUCTION
A. Flexural Cap Transducers
Flexural transducers use the bending modes of a plate or
membrane to displace the propagation medium and hence
produce sound [1]. Since the plate vibrations are mechani-
cally coupled to the medium, there is no acoustic impedance
mismatch. A relatively small amount of input energy can
generate large amplitude vibrations in the plate. There are
many different designs of flexure type transducers depending
on their respective applications. Flexural transducers can be
used as sensors [2] as well as for high power ultrasonics [3].
Fig. 1 shows a schematic diagram of the cross section
of a metal cap flexural (EDAT). The current in the coil
induces a magnetic field
 !
B in the front plate of the metal
cap, which generates a current density
 !
j . The current in the
cap interacts with the magnetic field to produce a Lorentz
force
 !
F =
 !
j ⇥  !B [4], which sets the plate in vibration.
The metal cap is therefore a necessary part for ultrasonic
generation whilst also providing an integrated ruggedness,
which is valuable for many industrial applications.
Large amplitude displacements can be achieved by driving
the system at resonance frequency. The resonance frequencies,
i.e. the modal frequencies, of the system depend mainly on the
geometry and material of the cap.
Fig. 1: Schematic diagram of a cross section of a metal cap
flexural electrodynamic acoustic transducer.
B. Theory of Vibrating Plates
The flexural transducer, because of its thin front face and
semi-rigid sides, can be approximated by an edge clamped
plate. The general equation describing the transverse displace-
ment of a thin plate is [5]
Dr4w( !x , t) + ⇢h@
2w( !x , t)
@t2
= 0, (1)
where D is the rigidity of the plate, defined in (2), w is
the transverse displacement and ⇢ is the volume density. The
rigidity is given by [5]
D =
Eh3
12(1  ⌫2) , (2)
where E is Young’s modulus, h is the plate thickness and ⌫
the Poisson ratio. Solving (1) for a circular plate gives the
following solutions
w(r, ✓, t) = [AJn(kr) +BIn(kr)] cos(n✓)cos(!t), (3)
where k4 = ⇢!
2
D , Jn and In are the Bessel function and
modified Bessel function of the first kind respectively, and A
and B are coefficients determined by the boundary conditions.
The boundary conditions for a plate clamped uniformly around
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(a) Fundamental mode (0,0) (b) Second axisymmetric mode (1,0) (c) Third axisymmetric mode (2,0)
Fig. 2: First three axisymmetric theoretical mode shapes of an edge clamped circular plate.
the edge (r = a) are
w(a, t) = 0
@w(r, ✓, t)
@r
    
a
= 0.
(4)
Applying these boundary conditions to (3) gives the shapes
of the vibration modes, of which the three first axisymmetric
harmonics are illustrated in fig. 2. The dimensions of the plate
were chosen to match those of the prototype transducer that
was later made and tested.
The frequencies of the normal modes are given by
f =
1
2⇡
✓
 
a
◆2sD
⇢h
, (5)
where   = ka is a root of (3). Remembering that D is
proportional to the cube of the plate thickness, the frequency
of any particular mode is inversely proportional to the radius
squared and directly proportional to the thickness, for a given
eigenvalue  .
The boundary conditions in (4) are not strictly applicable to
the flexural transducer illustrated in fig. 1. The edges of the cap
will restrict the motion along the edge, but not completely stop
it. However, the edge clamped plate is a good approximation,
which gives useful insight into the behaviour of the flexural
transducer.
C. Annular Caps
An alternate geometry, which may be useful for flexural
transducers, is that of an annular plate, a plate with a hole
in the centre. Such a geometry could allow the development
of annular flexural transducer arrays or allow other types of
sensor, for example a temperature or pressure sensors, to be
incorporated into the transducer.
The theory which may be used to describe such an annular
plate is very similar to that used for circular, modified to
include additional boundary conditions for the inner radius,
b. For the simplest case, uniformly clamped on both the inner
and outer edge, the boundary conditions are the same as those
Fig. 3: Schematic diagram of a cross section of an annular
metal cap flexural electrodynamic acoustic transducer.
given in (4) but for both r = a, the outer radius, and r = b,
the inner radius. The resulting solutions are dependent only on
the thickness of the plate, h, and the ratio of inner and outer
radii, b/a. A schematic diagram of an annular flexural EDAT
is shown in fig. 3.
II. METHODS
Computational methods, using finite element modelling
(FEM) [6], were applied to predict the properties and be-
haviour of the flexural transducer.
The FEM software package PZFlex was used to simulate the
metal cap flexural transducer when excited by a time varying
pressure load. By applying a broadband excitation force, the
plate would vibrate at its natural frequencies, which could be
found by a Fourier transform of the front face displacement
data. A particular mode could then be investigated by driving
the piezoelectric element with a continuous signal at the
specific resonance frequency of that mode.
A Polytec laser vibrometer was used to measure the surface
displacement of the radiating face of the transducers, when
they were excited by an EMAT pulser. The system was set up
to scan the whole front face in steps of 0.3 mm, in order to
determine both mode shape and frequency.
The dimensions of the cap in the model and the of proto-
types were: inner radius = 4.5 mm, outer radius = 5.5 mm,
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Fig. 4: Normalised magnitude frequency spectra from FFT of
the centre (red) and off-centre (black) displacement signals,
from the FEM transducer model.
front face thickness = 0.5 mm, and the length of the side of
the cap = 5.0 mm.
Additionally, an annular cap with an internal radius of
7 mm, external radius of 17 mm, front face thickness on
0.5 mm, and side length of 10.0 mm prototype was manufac-
tured ans studied together with the simple circular cap design.
III. RESULTS
A. Flexural Transducer FEM Results
The frequency spectra from two different points on the
vibrating front face are shown in fig. 4. The spectrum obtained
from the displacement signal from the centre of the transducer
doesn’t show the non-axisymmetric mode frequency peaks,
since they have at least one nodal diameter going through the
centre, a line through the centre of the plate with zero displace-
ment. These modes are revealed in the second spectrum, which
is obtained from a displacement measurement away from the
centre of the disc.
The first peak in the spectrum corresponds to the funda-
mental mode (0,0), and is located at 50 kHz. The calculated
values from (5) for this mode are 42 kHz and 62 kHz, using the
outer and the inner radius for a respectively. The second peak
at 100 kHz corresponds to the first non-axisymmetric mode
(0,1). The (1,0) mode is split into three peaks at 160 kHz,
180 kHz and 220 kHz. The peak at 390 kHz represents the
third axisymmetric mode (2,0). The other peaks can similarly
be associated with the theoretical vibration modes, by looking
at the mode shape of the transducer at the location of the peak.
B. Results from Prototype Flexural Transducers
Fig. 5 shows the frequency spectra of a prototype transducer
with the dimensions specified in §II. Similar to the spectra
from FEM the displacement signals from two points on
the transducer face were Fourier transformed to obtain the
frequency spectra.
The locations of the mode frequencies are in good agree-
ment with the FEM results, even though the relative amplitudes
of the peaks do not agree. The amplitudes however depend on
the specific generation method as well as the position on the
front face of the transducer where the displacement signal was
Fig. 5: Normalised magnitude frequency spectra from FFT of
centre (red) and off-centre (black) displacement signals from
a flexural transducer prototype, excited by a wideband pulse.
TABLE I: Analytically Calculated (0,0) Modes
Internal Radius External Radius Frequency of (0,0) Mode
(mm) (mm) (kHz)
17.0 6.5 26.3
16.5 6.5 27.3
17.0 7.0 29.0
16.5 7.0 30.3
recorded. It is encouraging to see the three way splitting of
the (1,0) mode, that was observed in the FEM model results
(see fig. 4).
Fig. 6 shows the three first axisymmetric modes, achieved
by frequency filtering the displacement signal from the flexural
EDAT. The frequencies of these modes are 50 kHz, 180 kHz
and 390 kHz, respectively.
Fig. 7 shows both the analytically calculated and experi-
mentally measured (0,0) mode, for the annular cap described
previously. Similar to the circular cap, there are several sets of
radii which must be considered when attempting to calculate
frequency at which a cap would be expected to resonate, due to
the thickness of the sides of the cap. As such, four pairs of radii
must be considered, each giving slightly different resonant
frequencies, given in Table I.
The experimentally measured (0,0) mode was found to have
a frequency of 28.4 kHz, approximately in the centre of the
values given in Table I, similar to what was found for the case
of a circular cap.
IV. CONCLUSION
The flexural EDAT provides an alternative method of ultra-
sound generation, using the induced self interacting magnetic
field of a current carrying spiral coil, to actuate the flexing
front face of the transducer. A greater amount of energy is
needed for generation, but the flexural EDAT has the potential
of operating at higher temperatures than the piezoelectrically
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(a) Fundamental mode (0,0) at 50 kHz (b) Second axisymmetric mode (1,0) at 180 kHz (c) Third axisymmetric mode (2,0) at 390 kHz
Fig. 6: Normalised displacement amplitude of the first three axisymmetric modes of the flexural transducer at a) 50 kHz, b)
180 kHz and c) 390 kHz.
Fig. 7: (left) Analytically calculated, (0,0) mode shape for the
annular cap at 27.3 kHz. (right) Experimentally measured (0,0)
mode at 28.4 kHz.
actuated transducer. Also, by not having a piezoelectric ele-
ment the manufacturing process is simplified, and there is no
problem of the active element debonding over time.
The initial results from the prototype transducers show good
agreement with both the theoretically predicted behaviour of
an edge clamped circular plate, as well as the results from
the FEM. When calculating the mode frequency, using (5),
the radius can be set to a = outer radius or a = inner radius
of the transducer, giving a lower and upper frequency limit,
respectively. The measured mode frequencies were all located
within these limits, which allows us to use the theory to
quickly predict resonances of a transducer. It has also been
shown that similar analytical modelling allows the resonant
frequencies of annular caps to be predicted accurately.
Using a pancake coil and standard EMAT pulser for genera-
tion causes the transducer to vibrate mainly in the fundamental
mode. Using other coil configurations and pulse shapes could
allow for mode selectivity. The ultrasonic signal is very
narrowband, due to the ringing of the cap, but could potential
be broadened by use of electronic and physical damping.
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Abstract—A new method of constructing robust air-coupled
flexural ultrasound arrays is suggested, and results from a
prototype transducer are presented. The flexural elements are
defined on a single sheet of metal by bonding a baffle structure
to the back of the sheet. Piezoelectric elements were attached
directly to the metal plate in the centre of the holes in the baffle.
The aim was to find if the baffle could sufficiently separate
the elements, such that each element behaved like a flexural
transducer with radius equal to the radius of the holes in the
baffle. By measuring the front face displacement of the array
the vibration mode of individual elements could be characterised
and compared to those of a single element transducer. In general
the baffle sufficiently separated the flexural elements, such that
the vibration modes observed corresponded to those of an edge
clamped plate with a radius 1.5 mm larger than that of the holes
in the baffle. This is a small shift, which is explained by the
outer boundary being less well defined for the array elements,
compared to a single element flexural transducer.
I. INTRODUCTION
Flexural transducers use the bending modes in a thin plate
to generate and receive ultrasound in low impedance media.
A typical flexural transducer will have a thin piezoelectric
disc rigidly bonded to a thin metal plate, or the inside of a
cap. When the piezoelectric element is excited it expands, but
because it is constrained along the surface in contact with
the metal plate the system becomes stressed and deforms. It
is this deflection of the metal plate that pushes the loading
medium, and hence generates sound. The effective impedance
is much lower than the acoustic impedance of the metal
material itself, which allows the system to efficiently couple
to lower impedance media. This also allows the transducer
to be operated at lower voltages, which is important in many
real-world applications.
Previous work on single element flexural transducers [1]
have looked at mode shapes and frequencies, as a function
of plate geometry. Although traditionally the fundamental
vibration mode is used for ultrasonic transduction (excluding
high power ultrasonics), it was shown that higher axisymmetric
modes could be used to transmit higher frequency signals.
The denotation of vibration modes in this paper was adopted
from [2], where (m,n) denotes a mode with m nodal radii
(excluding the edge) and n nodal diameters, as illustrated in
Fig. 1. The fundamental mode is hence (0, 0), with a mode
frequency f = f0,0. The flexural transducers can be modelled
with a good level of accuracy using thin plate theory [2].
The front face of the transducer is then assumed to behave
like a thin, circular, edge clamped plate. From the theory
both mode shapes and mode frequencies can be predicted.
Though this gives a good starting point for transducer design,
more accurate model results are generally obtained from finite
element (FE) methods.
Air-coupled ultrasonics has gained interest over the years
as more non-contact applications are discovered. For ex-
ample, inspection of composite materials has motivated the
development of air-coupled transducers. The development of
micromachined ultrasonic transducers such as CMUTs [3]
and PMUTs [4] has also driven the recent development of
air-coupled phased array technology [5]. Both CMUTs and
PMUTs have been used effectively for phased array ultrason-
ics, and the transducer design outlined in this paper could
represent an industrially robust, macroscopic alternative to
these technologies. A similar design for a non-phased array,
immersion transducer has recently been presented in [6].
II. DESIGN
A small number of elements, 3x3, was chosen for the first
array prototype, as it was made as a proof of concept. The
element dimensions, d = 10.4 mm and h = 0.25 mm,
were chosen to correspond to those of a single element
transducer previously investigated [1], with a vibration mode
around 100 kHz that can be used for transduction. Hence,
previous results from the single transducer could be used for
comparison, to evaluate if the individual array elements were
sufficiently separated.
Unlike the single element flexural transducer, which used
a titanium plate, the array was made using a stainless steel
sheet. Stainless steel, like titanium, is corrosion resistant and
Fig. 1: The four first vibration modes of a circular plate, with
dashed lines denoting nodes.
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Fig. 2: a) Bottom view schematic diagram of flexural array
with dimensions. b) Crossectional sideview schematic diagram
of flexural array transducer with labeled materials.
in general a suitable material for industrial applications. It
has greater rigidity than titanium, which does reduce the
transduction efficiency, but the overall behaviour is not sig-
nificantly different between the two. For example an edge
clamped, circular plate with the dimensions listed above has
a fundamental frequency of f0,0 = 23.2 kHz for titanium and
f0,0 = 22.3 kHz for stainless steel.
A baffle was bonded to the stainless steel sheet. The radius
of the holes in the baffle define the radius of the array
elements. For the first prototype a 3 mm thick acrylic plate,
with laser cut holes, was used. In later versions a 3D printed
ABS plastic back plate was used. Both methods of defining
the flexural elements provide flexibility in terms of dimensions
and layout.
Piezoelectric discs made of PZT5H from PI Germany, with
a 0.25 mm thickness were used as the electromechanically
active layer of the transducer elements. FE modelling, using
PZFlex (Weidlinger Associates Inc., USA) software package,
was used to find the optimal radius of the piezoelectric
element. The model consisted of an axisymmetric flexural cap
transducer operating in air, excited with a fixed voltage pulse
for varying piezo radii. Fig. 3 shows the maximum central
displacement as a function of the piezoelectric disc radius for
mode (1,0). From the model it was found that the optimal
radius of the piezoelectric disc for generating ultrasound using
the (1,0) vibration mode was r ' 3 mm, which roughly
corresponds to the radius of the second antinode. In general
the electromechanical coupling as a function of piezo coverage
depends on the specific mode used for transduction.
In order to avoid using conductive epoxy to bond the
piezoelectric discs to the plate, which has previously been
found to give insufficient adhesion, piezos with wrap around
electrodes were used. Hence, each element had two electrical
connections, with ground on the bonded side.
The main benefits of the proposed design is its inherent
robustness, gained from having a single piece of metal in con-
tact with the loading medium, and the ease of manufacturing
that is a result of not having to build the flexural elements
individually before assembling them into an array.
III. CONSTRUCTION PROCESS
The baffle was designed using the CAD software Solid-
Works. The first version of the baffle, for which the results
are reported in this paper, was laser cut out of a transparent
acrylic sheet. Later versions of the baffle were printed using
a commercial, layer-by-layer, 3D printer in ABS plastic. The
baffle was bonded to a stainless steel plate using Araldite-
2014 two component epoxy. Both the plate and the baffle were
cleaned with a degreasing agent before bonding. A second
3D structure, designed to hold the piezoelectric elements, that
fitted inside the baffle was printed. The piezodiscs were placed
in this structure. A thin layer of Araldite-2014 was placed on
the ground electrodes. The baffle with the metal plate was
fitted onto the structure with the piezodiscs, such that the
grounded side of the elements were pushed against the inside
of the steel plate. The epoxy was cured under pressure at room
temperature. Electric leads were soldered to each element and
connected to individual coaxial cables with BNC connectors.
The finished array is schematically shown in Fig. 2, and a
picture is shown in Fig. 4.
IV. METHODS
A Polytec laser vibrometer was used to measure the out
of plane displacement of the array elements. The transducer
was placed on a computer controlled xy stage to scan the
whole front face displacement. By saving the time data for
Fig. 3: Max. centre displacement from FE model of axisym-
metric single element flexural transducer, plotted against radius
of the piezoelectric disc.
Fig. 4: Back and front view of the finished array with the laser
cut acrylic baffle on the back.
each point the dynamics of the vibrations could be analysed
on a fundamental level.
A broadband acoustic microphone (BK 4138-A-015) was
used to measure the absolute pressure output from the trans-
ducer. The pressure along the central line perpendicular to
the transducer front face was measured when each individual
element was driven separately and when groups of elements
were excited together.
V. RESULTS
The result reported below are from a prototype transducer
array with a laser cut acrylic baffle, but tests using 3D printed
ABS for the baffle have indicated no large difference in
performance. Fig. 5 shows the maximum displacement of the
array as the central element was excited. The element was
excited by a 3 cycle sinusoidal signal at 100 kHz and 5 Vpp.
From the surface plot it is seen that the displacement is mostly
constrained to the area defined by the baffle, and that the
vibration mode is (1,0). There was significant cross talk, with
displacement amplitudes of neighbouring, inactive elements
reaching -12 dB. Fig. 6 shows the displacement at the centre
of three elements, when one of them is being driven.
Fig. 7 shows the maximum displacement plotted against
radius for the central element in the array, as well as for a
single element flexural transducer for comparison. It is seen
that the apparent element size of the array element is larger,
with a radius approximately 1.5 mm greater, than the single
element transducer. The displacement amplitude of the single
Fig. 5: Max. front face displacement of flexural array trans-
ducer when the centre element is excited.
Fig. 6: Centre displacement signal from three elements, when
one element (1,1) is excited, showing the level of mechanical
crosstalk.
(a)
(b)
Fig. 7: Max. displacement plotted as a function of the distance
from the centre of the element, for a) the centre element of
the array, and b) a single element flexural transducer with an
inner radius of 5.2 mm.
element transducer is greater than that of the array, which is
due to the single element transducer having a titanium plate
instead of a stainless steel plate. The vertical width of the
distribution, indicated in Fig. 7a at an arbitrary point, reflects
how axisymmetric the vibrations are. For a pure axisymmetric
vibration mode the distribution would follow a single line with
zero width.
Fig. 8 shows the maximum displacement of the array, when
all elements are driven in phase. The excitation pulse is a
three cycle tone burst, centred around 100 kHz. In order not to
saturate the laser vibrometer, which happens around 150 nm,
the power output from the phased array pulser system was set
to 0.5%. The results indicate that there is good consistency
between most of the elements. From Fig. 8 it is seen how the
Fig. 8: Max. front face displacement of flexural array trans-
ducer when all elements are excited simultaneously.
element in the lower right corner is less well defined than the
others, and surrounded by high displacement peaks that are
not part of the (1,0) vibration mode. This is due to locally
weak bonding between the baffle and the steel plate. The high
displacement peaks around this element are associated with
areas with trapped air in the bond layer. Hence it can be
concluded that bond strength and consistency are important
for the performance of the individual elements and of the array
as a whole.
Fig. 9 shows the absolute pressure from an array, with one
element being excited and a row of three elements excited
respectively. The pressure was measured a distance of 24 cm
from the centre of the array. The transducer was driven with a
3 cycle sinusoidal, 100 kHz, 10 Vpp, signal. The output from
individual elements is similar, as the amplitude from the row
is approximately three times greater than that from a single
element.
Some initial steering tests by phasing the array were carried
out. Fig. 10 shows a snapshot of the array displacement,
when the elements were phased to produce 5 degree steer-
ing. The maximum pressure amplitude could successfully be
shifted off-centre by small angles, but large grating lobes were
present. This was expected given the relatively large element
spacing, and the small number of array elements.
Fig. 9: Absolute pressure from a flexural array transducer.
Fig. 10: Instantaneous front face displacement of the flexural
array when phased to produce a 5 degree steering angle.
VI. CONCLUSION
In conclusion, this method of making flexural transducer
arrays, whereby a baffle is bonded to a single sheet of
metal, shows promising results. The elements are sufficiently
isolated to act as individual flexural elements, with modes
similar to those of a single transducer in terms of shape and
frequency. There is significant mechanical crosstalk between
elements, which is a problem further research would benefit
from solving.
For flexural transducers, because the element size affects
the resonance frequencies, it is not feasible to maintain the  2
criteria. Hence, there will be grating lobes, as an artefact of the
constructive interference at multiple angles of emission. There
are techniques in terms of element placement, e.g. random
arrays, which reduces the grating lobe amplitude, and which
would be applicable to the the type of flexural array that has
been presented.
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